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Abstract
Peano partial cubes are the partial cubes that have the Pash and Peano
properties, and thus they are the bipartite graphs whose geodesic interval
spaces are (closed) join spaces. These graphs are the partial cubes all of
whose finite convex subgraphs have a pre-hull number which is at most 1.
Special Peano partial cubes are median graphs, cellular bipartite graphs
and netlike partial cubes. Analogous properties of these graphs are satis-
fied by Peano partial cubes. In particular the convex hull of any isometric
cycle of such a graph is a gated quasi-hypertori (i.e., the Cartesian product
of copies of K2 and even cycles). The finite quasi-hypertori are the finite
regular Peano partial cubes, and they turn out to be the Peano partial
cubes that are antipodal. Moreover, for any Peano partial cubes G that
contains no isometric rays, there exists a finite qasi-hypertorus which is
fixed by all automorphisms of G, and any self-contraction of G fixes some
finite quasi-hypertorus. A Peano partial cube G is called a hyper-median
partial cube if any triple of vertices of G has either a median or a hyper-
median, that is, a quasi-median whose convex-hull induces a hypertorus
(i.e., the Cartesian product of even cycles such that at least one of them
has length greater than 4). These graphs have several properties simi-
lar to that of median graphs. In particular a graph is a hyper-median
partial cube if and only if all its finite convex subgraphs are obtained by
successive gated amalgamations from finite quasi-hypertori. Also a finite
graph is a hyper-median partial cube if and only if it can be obtained
from K1 by a sequence of special expansions. The class of Peano partial
cubes and that of hyper-median partial cubes are closed under convex
subgraphs, retracts, Cartesian products and gated amalgamations. We
study two convex invariants: the Helly number of a Peano partial cube,
and the depth of a hyper-median partial cube that contains no isometric
rays. Finally, for a finite Peano partial cube G, we prove an Euler-type
formula, and a similar formula giving the isometric dimension of G.
Keywords: Bipartite graph; Partial cube; Peano partial cube; Ph-
homogeneous partial cubes; Netlike partial cube; Median graph; Hyper-
cube; Hypertorus; Prism; Cartesian product; Gated amalgam; Retract;
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1 Introduction
Median graphs are certainly the most extensively studied and characterized
partial cubes (i.e. isometric subgraphs of hypercubes). Several classes of partial
cubes containing median graphs as special instances have already been defined
and studied, often with emphasis on properties generalizing some well-known
properties of median graphs. In particular the class of netlike partial cubes was
introduced and studied in a series of papers [43, 44, 45, 46, 47] as a class of
partial cubes containing, in addition to median graphs, even cycles, cellular
bipartite graphs [4] and benzenoid graphs. Median graphs and netlike partial
cubes have the common property that any of their finite convex subgraphs has
a pre-hull number [53] which is at most 1. A graph that has this property is
said to be ph-homogeneous.
These graphs were introduced in [51] as the bipartite graphs whose geodesic
interval spaces are (closed) join spaces, i.e. which share a number of geometrical
properties with Euclidean spaces. It was proved, that ph-homogeneous partial
cubes are the Pash-Peano partial cubes, i.e., the partial cubes that satisfy the
Pash and the Peano Properties. In fact, for partial cubes, the Peano Property is
stronger than the Pash Property. This is why we call them Peano partial cubes.
The class of Peano partial cubes is closed under convex subgraphs, Cartesian
products, gated amalgams and retracts, as is the class of netlike partial cubes.
It follows that the class of Peano partial cubes is a variety. We recall that, in
graph theory, varieties are classes of graphs closed under retracts and products;
the choice of products is not unique: it could be either the strong products or
the Cartesian products.
This paper is organized as follows. After the introduction of the basic con-
cepts of Peano partial cubes and characterizations by convexity properties, sev-
eral different structural characterizations of Peano partial cubes are given in
Section 4. Particular properties follows from these characterizations. A Peano
partial cube G is a median graph (resp. a netlike partial cube) if the convex hull
of any isometric cycle of G is a hypercube (resp. this cycle itself or a hypercube).
Any Peano partial cube G also satisfies an analogous but more general property,
namely the convex hull of any isometric cycle of G is a gated quasi-hypertorus,
that is, the Cartesian product of copies of K2 and even cycles. The finite quasi-
hypertori, which turn out to be the finite regular Peano partial cubes, are also
the Peano partial cubes that are antipodal (a graph G is antipodal if for any
vertex x of G there is a vertex x¯ such that the interval between x and x¯ is equal
to the vertex set of G).
In Section 5, by analogy with the fact that median graphs are the particular
Peano partial cubes for which any triple of vertices has a unique median, we
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define a hyper-median partial cube as a Peano partial cube G such that any
triple of vertices of G has either a median or a hyper-median, that is, a quasi-
median whose convex-hull induces a hypertorus. Only the existence of a median
or a hyper-median for each triple of vertices is necessary in the definition, the
uniqueness comes as a consequence. We show in particular that a partial cube
is a hyper-median partial cube if and only if all its finite convex subgraphs are
obtained by successive gated amalgamations from finite quasi-hypertori. This
generalizes an analogous property of finite median graph [28, 62] stating that
any finite median graph can be obtained by successive gated amalgamations
from finite hypercubes.
Since Mulder [36] and Chepoi [17] introduced the expansion procedure for
median graphs and partial cubes, different kinds of finite partial cubes have
already been constructed from K1 by sequences of special expansions (see [26]).
In [45, Subsection 6] we showed that, if one can obtain all partial cubes by
Chepoi’s theorem, not all graphs in the middle of expansion are netlike, and
even ph-homogeneous. More precisely, there exist infinitely many finite netlike
partial cubes, in particular some benzenoid graphs, which are not the expansion
of any Peano partial cubes. In Subsection 5.5 we proved that there exists a
particular kind of expansion that enables to construct all finite hyper-median
partial cubes from K1.
In Section 7 we focus on fixed subgraph properties, generalizing some results
on netlike partial cubes [46], which themselves are generalizations of three results
of Tardif [60] on median graphs. For infinite partial cubes we use the topological
concepts and results of [48, 49]. We prove three main results for any compact
Peano partial cube G. The first deals with the existence of a finite gated quasi-
hypertorus that is fixed by all automorphisms of G. The second deals with the
fact that any self-contraction (i.e. non-expansive self-map) of G fixes a finite
quasi-hypertorus. The third extends the second result to any commuting family
of self-contractions of G, and is of the same kind as two well-known theorems
stating that commuting families of endomorphisms of certain structures have a
common fixed point: the Markov-Kakutani Theorem [35, 29] for compact convex
sets of locally convex linear topological spaces, and the Tarski’s theorem [61] for
complete lattices.
The proofs of these properties require some preliminary results, the most
important of which also has another interesting consequence: the closure of
the class of Peano partial cubes under retracts. This property is one of the
main results of Section 6 which is devoted to the study of retracts and hom-
retracts and their relation with convex subgraphs and more generally with the
so-called “strongly faithful” subgraphs of Peano partial cubes, that is isometric
subgraphs that are stable under median and hyper-median. We show that any
convex subgraph is a retract, and that any retract is strongly faithful. However
the characterization of the strongly faithful subgraphs of a Peano partial cube
that are retracts (or hom-retracts) of this graph is still an open problem.
Section 8 deals with two convex invariants. First, a classical invariant: the
Helly number, that is, the smallest integer h, if it exists, such that any finite
family of h-wise non-disjoint convex sets has a non-empty intersection. We show
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that the Helly number of a Peano partial cube G is at most 3 with the equality
if and only if G is not a median graph. Secondly, a less classical invariant:
the depth, that is, the supremum of the lengths of chains of half-spaces. This
invariant was introduced in [11] by Bandelt and van de Vel in order to study the
structure of finite median graphs. Following Bandelt and van de Vel, we prove
a recursive description of the compact hyper-median partial cubes with finite
depth. This result generalizes [11, Theorem 2.4] and [47, Theorem 6.4] on finite
median graphs and finite tricycle-free Peano partial cubes, respectively. We also
show that the depth of the gated hull of any finite set of vertices of a compact
hyper-median partial cube is finite. This is an interesting piece of information
on gated hulls because, contrary to the property that the convex hull of any
finite set of vertices of an infinite partial cube is always finite, we generally have
no such property for the gated hull of a finite set: it may be finite or infinite.
Several Euler-type properties generalizing the well-known equality for trees
“n − m = 1” have already been obtained for finite median graphs. Some of
them concern special median graphs such as those that are cube-free or Q4-
free (Klavžar and Škrekovski [31]). More generally Soltan and Chepoi [58] and
independently Škrekovski [57] proved that the Euler characteristic of a median
graph G is 1, that is,
∑
n∈N(−1)
nαn(G) = 1, where αn(G) denotes the number
of n-cubes of G. Some Euler-type properties were also proved for some special
partial cubes that are not necessarily median, such as cellular bipartite graphs
by Bandelt and Chepoi [4, Corollary 1] and linear partial cubes [45, Proposition
7.2]. Moreover, in the paper mentioned above [57], Škrekovski proved a formula
giving the isometric dimension of a finite median graph (i.e. the least n such
that G is an isometric subgraph of an n-cube). In Section 9 we prove analogous
formulas for finite Peano partial cubes.
2 Preliminaries
2.1 Graphs
The graphs we consider are undirected, without loops or multiple edges, and
may be finite or infinite. Let G be a graph. If x ∈ V (G), the set NG(x) := {y ∈
V (G) : xy ∈ E(G)} is the neighborhood of x in G, NG[x] := {x} ∪NG(x) is the
closed neighborhood of x in G and δG(x) := |NG(x)| is the degree of x in G. For a
set X of vertices of G we put NG[X ] :=
⋃
x∈X NG[x] and NG(X) := NG[X ]−X ,
and we denote by ∂G(X) the edge-boundary of X in G, that is, the set of all
edges of G having exactly one endvertex in X . Moreover, we denote by G[X ] the
subgraph of G induced by X , and we set G−X := G[V (G) −X ]. A subgraph
of G is said to be non-trivial if it has at least two vertices.
A path P = 〈x0, . . . , xn〉 is a graph with V (P ) = {x0, . . . , xn}, xi 6= xj if
i 6= j, and E(P ) = {xixi+1 : 0 ≤ i < n}. A path P = 〈x0, . . . , xn〉 is called an
(x0, xn)-path, x0 and xn are its endvertices, while the other vertices are called
its inner vertices, n = |E(P )| is the length of P . If x and y are two vertices of
a path P , then we denote by P [x, y] the subpath of P whose endvertices are x
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and y. A ray is a one-way infinite path, and a graph is rayless if it contains no
rays.
A cycle C with V (C) = {x1, . . . , xn}, xi 6= xj if i 6= j, and E(C) = {xixi+1 :
1 ≤ i < n} ∪ {xnx1}, will be denoted by 〈x1, . . . , xn, x1〉. The non-negative
integer n = |E(C)| is the length of C, and a cycle of length n is called a n-cycle
and is often denoted by Cn.
Let G be a connected graph. The usual distance between two vertices x
and y, that is, the length of any (x, y)-geodesic (= shortest (x, y)-path) in G,
is denoted by dG(x, y). A connected subgraph H of G is isometric in G if
dH(x, y) = dG(x, y) for all vertices x and y ofH . The (geodesic) interval IG(x, y)
between two vertices x and y of G is the set of vertices of all (x, y)-geodesics in
G.
2.2 Convexity
A convexity on a set X is an algebraic closure system C on X . The elements
of C are the convex sets and the pair (X, C) is called a convex structure. See
van de Vel [64] for a detailed study of abstract convex structures. Several kinds
of graph convexities, that is, convexities on the vertex set of a graph G, have
already been investigated. We will principally work with the geodesic convexity,
that is, the convexity on V (G) which is induced by the geodesic interval operator
IG. In this convexity, a subset C of V (G) is convex provided it contains the
geodesic interval IG(x, y) for all x, y ∈ C. The convex hull coG(A) of a subset A
of V (G) is the smallest convex set that contains A. The convex hull of a finite
set is called a polytope. A subset A of V (G) is a half-space if A and V (G) − A
are convex.
A copoint at a point x ∈ V (G) is a convex set C which is maximal with
respect to the property that x /∈ C; x is an attaching point of C. Note that
coG(C ∪{x}) = coG(C ∪{y}) for any two attaching points x, y of C. We denote
by Att(C) the set of all attaching points of C, i.e.,
Att(C) := coG(C ∪ {x})− C.
We denote by IG the pre-hull operator of the geodesic convex structure of
G, i.e. the self-map of P(V (G)) such that
IG(A) :=
⋃
x,y∈A
IG(x, y)
for each A ⊆ V (G). The convex hull of a set A ⊆ V (G) is then coG(A) =⋃
n∈N I
n
G(A). Furthermore we will say that a subgraph of a graph G is convex
if its vertex set is convex, and by the convex hull coG(H) of a subgraph H of G
we will mean the smallest convex subgraph of G containing H as a subgraph,
that is,
coG(H) := G[coG(V (H))].
A graph is said to be interval monotone if all its intervals are convex.
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2.3 Cartesian product
The Cartesian product of a family of graphs (Gi)i∈I is the graph denoted by
i∈IGi (or simply by G1✷G2 if |I| = 2) with
∏
i∈I V (Gi) as vertex set and such
that, for every vertices u and v, uv is an edge whenever there exists a unique
j ∈ I with prj(u)prj(v) ∈ E (Gj) and pri(u) = pri(v) for every i ∈ I − {j},
where pri is the i-th projection of
∏
i∈I V (Gi) onto V(Gi).
If I is infinite, then the connected components of a Cartesian product of
connected graphs are called weak Cartesian products (see [24]). More precisely,
the component of i∈IGi containing some vertex a is called the weak Cartesian
product at a, and is denoted by
a
i∈IGi.
Clearly, the Cartesian product coincides with the weak Cartesian product pro-
vided that I is finite and the factors are connected.
In particular, hypercubes are the weak Cartesian powers of K2. For every
non-negative integer n, a n-cube, that is, a hypercube of dimension n, is often
denoted by Qn. In particular Q0 = K1, Q2 = C4, and a 3-cube is generally
called a cube. We list below the properties, in part well-known, of the Cartesian
product that we will use in this paper (see [27] for the main properties of the
Cartesian product).
Proposition 2.1. Let G = G0✷G1 be a Cartesian product of two connected
graphs. We have the following properties:
(i) dG(x, y) = dG0(pr0(x), pr0(y))+dG1(pr1(x), pr1(y)) for any x, y ∈ V (G)
(Distance Property).
(ii) IG(x, y) = IG0(pr0(x), pr0(y))× IG1 (pr1(x), pr1(y)) for any x, y ∈ V (G)
(Interval Property).
(iii) pri(IG(x, y)) = IGi(pri(x), pri(y)) for any x, y ∈ V (G) and i = 0, 1.
(iv) Let e and f be two adjacent edges of G which are in different fibers.
Then there exists exactly one convex 4-cycle in G that contains both e and f
(4-Cycle Property).
(v) A subgraph F of G is convex if and only if F = pr0(F )✷pr1(F ), where
both pr0(F ) and pr1(F ) are convex (Convex Subgraph Property).
(vi) pri(InGi(A)) = I
n
G(pri(A)) for each A ⊆ V (G), i = 0, 1 and any non-
negative integer n.
(vii) pri(coG(A)) = coGi(pri(A)) for each A ⊆ V (G) and i = 0, 1.
2.4 Partial cubes
First we will recall some properties of partial cubes, that is, of isometric sub-
graphs of hypercubes. Partial cubes are particular connected bipartite graphs.
For an edge ab of a graph G, let
WGab := {x ∈ V (G) : dG(a, x) < dG(b, x)},
UGab := {x ∈Wab : x has a neighbor inWba}.
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If no confusion is likely, we will simply denote WGab and U
G
ab by Wab and Uab,
respectively. Note that the sets Wab and Wba are disjoint and that V (G) =
Wab ∪Wab if G is bipartite and connected.
Two edges xy and uv are in the Djoković-Winkler relation Θ if
dG(x, u) + dG(y, v) 6= dG(x, v) + dG(y, u).
If G is bipartite, the edges xy and uv are in relation Θ if and only if
dG(x, u) = dG(y, v) and dG(x, v) = dG(y, u). The relation Θ is clearly reflexive
and symmetric.
Lemma 2.2. Let C be a convex set of a bipartite graph G. Then C ⊆Wab for
any edge ab ∈ ∂G(C) with a ∈ C.
Proof. Let x ∈ C and ab ∈ ∂G(C) with a ∈ C. Suppose that x /∈ Wab. Then
b ∈ IG(x, a), and thus b ∈ C by the convexity of C, contrary to the fact that
ab ∈ ∂G(C).
Remark 2.3. If G is bipartite, then, by [24, Lemma 11.2], the notation can be
chosen so that the edges xy and uv are in relation Θ if and only if
dG(x, u) = dG(y, v) = dG(x, v)− 1 = dG(y, u)− 1,
or equivalently if and only if
y ∈ IG(x, v) and x ∈ IG(y, u).
From now on, we will always use this way of defining the relation Θ. Note that,
in this way, the edges xy and yx are not in relation Θ because y /∈ IG(x, x) and
x /∈ IG(y, y). In other word, each time the relation Θ is used, the notation of
an edge induces an orientation of this edge.
Theorem 2.4. (Djoković [20, Theorem 1] and Winkler [65]) A connected bipar-
tite graph G is a partial cube if and only if it has one of the following properties:
(i) For every edge ab of G, the sets Wab and Wba are convex.
(ii) The relation Θ is transitive.
It follows in particular that the half-spaces of a partial cube G are the sets
Wab, ab ∈ E(G). Furthermore we can easily prove that the copoints of a partial
cube are its half-spaces.
We recall that the geodesic convexity of a partial cube G has the separation
property S3: if a vertex x does not belong to a convex set C ⊆ V (G), then there
is a half-space H which separates x form C, that is, x /∈ H and C ⊆ H . As a
matter of fact, the geodesic convexity of a bipartite graph G has property S3 if
and only if G is a partial cube (see [3, Proposition 2.2]).
We also recall that, if u0, u1, u2 are three vertices of a graph G, then a
median of the triple (u0, u1, u2) is any element of the intersection IG(u0, u1) ∩
IG(u1, u2) ∩ IG(u2, u0). Moreover a graph G is a median graph if any triple of
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its vertices has a unique median. Median graphs are particular partial cubes.
Actually they are the retracts of hypercubes (see Bandelt [2]).
We say that a subgraph H of a partial cube G is median-stable if, for any
triple (x, y, z) of vertices of H , if (x, y, z) has a median m in G, then m ∈ V (H).
Note that, if H is isometric in G, then m is the median of (x, y, z) in H . A
median-stable isometric subgraph of G is called a faithful subgraph of G, or is
said to be faithful in G. Clearly any faithful subgraph of a faithful subgraph of
G is itself a faithful subgraph of G, and moreover any convex subgraph of G is
faithful.
In the following lemma we list some well-known properties of partial cubes.
Lemma 2.5. Let G be a partial cube. We have the following properties:
(i) If a triple of vertices of G has a median, then this median is unique.
(ii) Each interval of G is finite and convex.
(iii) Each polytope of G is finite.
(iv) Let x, y be two vertices of G, P an (x, y)-geodesic and W an (x, y)-path
of G. Then each edge of P is Θ-equivalent to some edge of W .
(v) A path P in G is a geodesic if and only if no two distinct edges of P are
Θ-equivalent.
(vi) Any edge of a cycle C is Θ-equivalent to another edge of C.
(vii) A cycle C of G is isometric if and only if all pairs of antipodal edges
in C are the only pairs of distinct edges of C which are Θ-equivalent.
(viii) Any shortest cycle of G is convex.
(ix) If F is a convex subgraph of G, then no edge of ∂G(F ) is Θ-equivalent
to an edge of F .
Lemma 2.6. (Polat [50, Lemma 3.12]) A bipartite graph G is a partial cube if
and only if every polytope of G induces a partial cube.
Lemma 2.7. Let H be a subgraph of a partial cube G. We have the following
two properties:
(i) If H is connected, then any edge of coG(H) is Θ-equivalent to an edge
of H.
(ii) If any edge of G is Θ-equivalent to an edge of H, then coG(H) = G.
Proof. (i) We recall that coG(H) = G[
⋃
N∈N I
n
G(V (H))]. We prove by induction
on n that any edge of G[InG(V (H))] is Θ-equivalent to an edge of H . This is
trivial if n = 0. Suppose that this is true for some n ≥ 0. Let e be an edge
of G[In+1G (V (H))] that is not an edge of G[I
n
G(V (H))]. Then e is an edge of
an (x, y)-geodesic P , for some x, y ∈ InG(V (H)). Let W be an (x, y)-path of
G[InG(V (H))], note that this graph is connected. Then e is Θ-equivalent to some
edge e′ of W by Lemma 2.5(iv). By the induction hypothesis, e′ is Θ-equivalent
to an edge e′′ of H . Hence e and e′′ are Θ-equivalent by transitivity of the
relation Θ.
(ii) Suppose that H ′ := coG(H) 6= G. Because G is connected, there is a
vertex x of G−H ′ which is adjacent to some vertex y of H ′. By the properties
ofH , the edge xy is Θ-equivalent to some edge ab of H , and thus ofH ′, contrary
to Lemma 2.5(ix). Therefore coG(H) = G.
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Lemma 2.8. Let ab be an edge of a partial cube G. Then an edge of G[Wab] is
Θ-equivalent to an edge of G[Wba] if and only if it is Θ-equivalent to an edge of
G[IG(Uab)].
Proof. Let uv be an edge of G[Wab] which is Θ-equivalent to an edge u′v′ of
G[Wba]. Let Pu and Pv be a (u, u′)-geodesic and a (v, v′)-geodesic, respectively.
Let u0 and v0 be the only vertices of Pu and Pv in Uab, respectively, and let W
be a (u0, v0)-geodesic. Because Pu ∪ 〈u, v〉 and Pv ∪ 〈u, v〉 are (u′, v)-geodesic
and (v′, u)-geodesic, respectively, it follows that the edge uv is Θ-equivalent to
no edge of Pu and Pv. Therefore, by Lemma 2.5(vi), uv is Θ-equivalent to an
edge of W , and thus of G[IG(Uab)].
Conversely, suppose that an edge cd of G[Wab] is Θ-equivalent to an edge of
G[IG(Uab)], and thus to an edge uv of an (x, y)-geodesic P for some x, y ∈ Uab.
Let x′ and y′ be the neighbors of x and y in Uba, respectively, and let P ′ be an
(x′, y′)-geodesic. Then C = 〈x′, x〉 ∪ P ∪ 〈y, y′〉 ∪ P ′ is a cycle of G. Hence, uv
is Θ-equivalent to an edge u′v′ of C. Clearly u′v′ is an edge of P ′ because both
xx′ and yy′ are Θ-equivalent to ab, while uv is an edge of G[Wab]. It follows,
by transitivity, that the edge cd is Θ-equivalent to u′v′, which is an edge of
G[IG(Uab)], and thus of G[Wba].
Throughout this paper we will use the following notations. Let ab be an edge
of a partial cube G:
Gab := G[coG(Uab)]
G−→
ab
:= G[coG(Uab) ∪Wba]
Gab := G−→ab ∩G−→ba = G[coG(Uab) ∪ coG(Uba)] = Gba.
2.5 Weak geodesic topology of a partial cube
We recall (see [48]) that the weak geodesic topology of a graphG is the finest weak
topology on V (G) endowed with the geodesic convexity, that is, the topology
(in terms of closes sets) generated by all convex subsets of V (G) as a subbase.
Throughout this paper, unless stated otherwise, we will always suppose that
that the vertex set of any partial cube G is endowed with the weak geodesic
topology. Because the geodesic convexity on the vertex set of a partial cube G
has property S3, it follows that each convex set of G is an intersection of half-
spaces, hence the family of half-spaces of G is a subbase of the weak geodesic
topology on V (G).
Proposition 2.9. (Polat [48, Theorem 3.9]) Let G be a partial cube. The
following assertions are equivalent:
(i) V (G) is compact.
(ii) V (G) is weakly countably compact (i.e. every infinite subset of V (G)
has a limit point).
(iii) The vertex set of any ray of G has a limit point.
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(iv) The vertex set of any ray of G has a finite positive number of limit
points.
From now on, by a compact partial cube, we will mean a partial cube whose
vertex space is compact. From the above proposition it follows that a compact
partial cube contains no isometric rays [48, Corollary 3.15], and moreover that
any rayless partial cube is compact.
2.6 Geodesically consistent partial cubes
A vertex x of a connected graph G geodesically dominates a subset A of V (G)
if, for every finite S ⊆ V (G − x), there exists an a ∈ (A − {x}) such that
S ∩ IG(x, a) = ∅. The geodesic topology on the vertex set of a graph G is the
topology for which a subset A of V (G) is closed if and only if every vertex that
geodesically dominates A belongs to A. From [41, Theorem 3.9] we have:
Proposition 2.10. (Polat [41, Theorem 3.9]) Let G be a graph. The following
assertions are equivalent:
(i) The geodesic space V (G) is compact.
(ii) G contains no isometric rays.
(iii) The vertex set of every ray of G is geodesically dominated.
Any limit point of a set A of vertices of a partial cube G geodesically dom-
inates A. On the other hand, a vertex x which geodesically dominates a set A
is not necessarily a limit point of A. The geodesic topology is compatible with
the geodesic convexity, that is, all polytopes are geodesically closed (i.e. closed
for the geodesic topology).
Definition 2.11. A graph G is said to be geodesically consistent if the geodesic
topology on V (G) coincides with the weak geodesic topology.
In other words, G is geodesically consistent if the limit points of any set
A ⊆ V (G) are the vertices of G that geodesically dominate A.
We say that a set A of vertices of a graph G is finitely geodesically dominated
if the set of vertices which geodesically dominate A is finite and non-empty.
From Propositions 2.9 and 2.10, we infer the following result.
Corollary 2.12. A geodesically consistent partial cube G is compact (i.e. con-
tains no isometric rays) if and only if the vertex set of every ray of G is finitely
geodesically dominated.
From [48, Theorem 4.8] we have:
Proposition 2.13. (Polat [48, Theorem 4.8]) Let G be a partial cube. G is
geodesically consistent if and only if, for every edge ab of G, each vertex in
coG(Uab) which geodesically dominates Uab belongs to Uab.
Median graphs and more generally netlike partial cubes are geodesically
consistent (cf. [48, Proposition 4.15]). Moreover any convex subgraph of a
geodesically consistent partial cube is geodesically consistent.
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2.7 Gated sets
A set A of vertices of a graph G is said to be gated if, for each x ∈ V (G), there
exists a vertex y (the gate of x) in A such that y ∈ IG(x, z) for every z ∈ A. Any
gated set is convex. Note that conversely, any convex set of a median graph is
gated. Moreover the set of gated sets of a graph with the addition of the empty
set is a convexity, and thus is closed under any intersections. We say that a
subgraph F of a graph G is gated if its vertex set is gated, and the function of
G onto F which assigns to each vertex of G its gate in F is called the gate map
of F .
Proposition 2.14. The gated sets of a compact partial cube G have the strong
Helly property, that is, any family of gated sets of G that pairwise intersect have
a non-empty intersection, and this intersection is gated.
Proof. This is a consequence of the compactness of V (G) and of the fact that,
by [3, Proposition 2.4], the gated sets of G have the Helly property, that is, any
finite family (Ai)i∈I of gated sets of G that pairwise intersect have a non-empty
intersection A. The set A is gated if I is finite (see [24, Corollary 16.3]. Assume
that I is infinite, and let x ∈ V (G) and a ∈ A. The gate of x in A, if it exists
is an element of IG(x, a). Then, because, by Lemma 2.5(ii), every interval in a
partial cube is finite, there exists a finite J ⊆ I and a y ∈ IG(x, a) which is the
gate of x in
⋂
i∈J′ Ai for every finite subset J
′ of I that contains J . Therefore
y is the gate of x in A. Hence A is gated.
It follows that, for any set A of vertices of a compact partial cube G, there
exists a smallest gated set that contains A. This set is called the gated hull of
A in G.
The following lemma is clear.
Lemma 2.15. Let G be a partial cube. Then we have the following properties:
(i) If H is a gated subgraph of G, and F a convex subgraph of G, then H∩F
is gated in F .
(ii) If a finite subgraph H of G is gated in any finite convex subgraph of G
that contains H, then H is gated in G.
A graph G is the gated amalgam of two graphs G0 and G1 if G0 and G1 are
isomorphic to two intersecting gated subgraphs G′0 and G
′
1 of G whose union is
G. More precisely we also say that G is the gated amalgam of G0 and G1 along
G′0 ∩G
′
1. The gated amalgam of two partial cubes is clearly a partial cube.
2.8 Semi-peripheries
We recall that if ab is an edge of a partial cube G such that Wab = Uab, then
Wab is called a periphery of G. A partial cube has generally no periphery. We
generalize this concept as follows.
Definition 2.16. Let G be a partial cube. If Wab = coG(Uab) for some edge ab
of G, then we say that Wab is a semi-periphery of G.
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Clearly any finite partial cube has a semi-periphery. We will see that this is
also true for any compact partial cube.
Proposition 2.17. A set A of vertices of a partial cube G is a semi-periphery
of G if and only if it is a minimal non-empty half-space of G.
Proof. Let ab be an edge of G such that Wab is not a semi-periphery. Let
xy ∈ ∂G(Wba ∪ coG(Uab)) with x ∈ coG(Uab). The set Wba ∪ coG(Uab) is convex.
Hence the edge xy is not Θ-equivalent to any edge of G[Wba ∪ coG(Uab)] by
Lemma 2.5(ix). Hence Wyx ⊂Wab, and thus Wab is not a minimal half-space.
Conversely, suppose that the half-spaceWab is not minimal for some edge ab
of G. Then there is an edge cd of G such that Wcd ⊂Wab. It follows that cd is
not Θ-equivalent to an edge of G[Wba], and thus to an edge of G[coG(Uab)] by
Lemma 2.8. Hence cd is an edge of G[Wab] which is not an edge of G[coG(Uab)].
Therefore Wab is not a semi-periphery of G.
Proposition 2.18. Let G be a compact partial cube. Then any chain of half-
spaces of G is finite.
Proof. Suppose that there is an infinite chain of half-spaces of G. Then, by the
definition of a half-space, there exists an infinite sequence (Cn)n∈N of half-spaces
of G such that Cn ⊃ Cn+1 for every n ∈ N. Therefore (Cn)n∈N is a sequence
of non-empty half-spaces, and thus of non-empty closed sets, of V (G) whose
intersection is empty, contrary to the fact that G is compact. Consequently any
chain of half-spaces of G is finite.
We obtain immediately:
Corollary 2.19. Let G be a compact partial cube. Then there exists a mini-
mal non-empty half-space in G, and moreover any non-empty half-space of G
contains a minimal non-empty half-space.
From Proposition 2.17 and Corollary 2.19 we have:
Proposition 2.20. Any compact partial cube has a semi-periphery.
Proposition 2.21. Let G be a partial cube. The following assertions are equiv-
alent:
(i) G is a median graph.
(ii) Uab is convex for any edge ab of G.
(iii) For every convex subgraph F of G, any semi-periphery of F is a pe-
riphery.
Proof. Conditions (i) and (ii) are equivalent by a result of Bandelt [1].
(i) ⇒ (iii): Assume that G is a median graph, and let F be a convex
subgraph of G. Then F is also a median graph, and thus, by (ii), any semi-
periphery of a median graph is a periphery.
(iii)⇒ (ii): Assume Condition (iii). Let ab ∈ E(G). The subgraph G−→
ab
of G
induced by the set Wba ∪ coG(Uab) is convex, and coG(Uab) is a semi-periphery
of G−→
ab
. Hence it is a periphery of this subgraph by (iii). It follows that Uab is
convex.
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Definition 2.22. A partial cube G is said to be semi-peripheral (resp. periph-
eral) if each vertex of G belongs to a semi-periphery (resp. periphery).
We will characterize the peripheral partial cubes. Note that the Cartesian
product of any partial cube with K2 is clearly peripheral. We will see that the
converse of this property is true for finite partial cubes.
We need the following fact: if, for some edge ab of a partial cube G, the set
Wab is a periphery, then Wba is gated. Indeed, for any x ∈ Wab, the neighbor
of x in Wba belongs to IG(x, y) for every y ∈Wba.
Proposition 2.23. Let G be a finite partial cube with more than one vertex.
The following assertions are equivalent:
(i) G is peripheral.
(ii) Wab and Wba are peripheries for some edge ab of G.
(iii) G is isomorphic to the Cartesian product of a partial cube with K2.
Proof. (ii) and (iii) are clearly equivalent, and (ii) ⇒ (i) is obvious. It remains
to prove (i) ⇒ (ii).
Assume that (ii) is not true, that is, for any ab ∈ E(G), at most one of
the sets Wab and Wba is a periphery. In other words, the complement of any
periphery of G is not a periphery, and moreover it is gated by the above remark.
Hence the complements of the peripheries of G are pairwise non-disjoint gated
half-spaces. Therefore, by Proposition 2.14, they have a non-empty intersection,
say A. It follows that the union of all peripheries of G is equal to V (G) − A,
which is then distinct from V (G). Hence G is not peripheral.
Definition 2.24. A partial cube G is said to be strongly semi-peripheral (resp.
strongly peripheral) if Wab and Wba are semi-peripheries (resp. peripheries) for
every edge ab of G.
Proposition 2.25. A finite partial cube is strongly peripheral if and only if it
is a hypercube.
Proof. A finite hypercube is clearly strongly peripheral. Conversely we will
prove that any finite strongly peripheral partial cube G is a hypercube by in-
duction on its order. This is obvious if G = K1. Suppose that this holds if the
order of G is n for some positive integer n. Let G be a finite strongly peripheral
partial cube of order n + 1, and let ab ∈ E(G). Then G = G′✷K2 since Wab
and Wba are peripheries. Let uv ∈ E(G′). Then Wuv and Wvu are peripheries
of G since G is strongly peripheral. It clearly follows that WG
′
uv and W
G′
vu are
peripheries of G′. Hence G′ is a strongly peripheral partial cube of order n. By
the induction hypothesis, G′ is a hypercube. Therefore so is G = G′✷K2.
We conclude these preliminaries by pointing out that, throughout this paper,
we do not distinguish between isomorphic graphs. Thus, when we say that a
graph G is equal to some Cartesian product or to some special graph, such as
K2 for example, we usually mean that G is isomorphic to this Cartesian product
or to this special graph.
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3 Fundamental properties
3.1 Partial cubes with pre-hull number at most 1
We begin by recalling some definitions and results from [53]. In that paper
we introduced and studied the concept of pre-hull number of a convexity. The
(geodesic) pre-hull number ph(G) of a graph G is a parameter which measures
the intrinsic non-convexity of V (G) in terms of the number of iterations of the
pre-hull operator associated with the interval operator IG which are necessary,
in the worst case, to reach the canonical minimal convex extension of copoints
of V (G) when they are extended by the adjunction of an attaching point.
Definition 3.1. Let G be a graph. The least non-negative integer n (if it exists)
such that coG(C ∪ {x}) = InG(C ∪ {x}) for each vertex x of G and each copoint
C at x, is called the pre-hull number of G and is denoted by ph(G). If there is
no such n we put ph(G) :=∞.
Proposition 3.2. (Polat and Sabidussi [53, Corollary 3.8]) The pre-hull number
of a connected bipartite graph G is zero if and only if G is a tree.
Definition 3.3. (Polat and Sabidussi [53, Definition 7.1]) Call a setA of vertices
of a graph G ph-stable if any two vertices u, v ∈ IG(A) lie on a geodesic joining
two vertices in A.
The condition of Definition 3.3, which is symmetric in u and v, can be
replaced by the formally “one-sided”condition: for any two vertices u, v ∈ IG(A)
there is a w ∈ A such that v ⊆ IG(u,w).
Lemma 3.4. (Polat [43, Proposition 2.4]) If a set A of vertices of a graph G is
ph-stable, then, for all u, v ∈ IG(A), IG(u, v) ⊆ IG(a, b) for some a, b ∈ A. In
particular, each edge of G[IG(A)] belongs to an (a, b)-geodesic for some a, b ∈ A,
and moreover coG(A) = IG(A).
Corollary 3.5. Let Wab be a semi-periphery of some partial cube G. If Uab is
ph-stable, then Wab = IG(Uab), and more precisely, G[Wab] is the union of the
(u, v)-geodesics for all u, v ∈ Uab.
Proposition 3.6. (Polat and Sabidussi [53, Theorem 7.4]) Let G be a bipartite
graph. Then ph(G) ≤ 1 if and only if, for every copoint K of G, the set Att(K)
is convex and NG(K) ∩Att(K) is ph-stable.
The following result follows immediately from the above proposition.
Proposition 3.7. (Polat and Sabidussi [53, Theorem 7.5]) Let G be a partial
cube. Then ph(G) ≤ 1 if and only if Uab and Uba are ph-stable for every edge
ab of G.
Theorem 3.8. (Polat [50, Theorem 4.6]) Any connected bipartite graph G such
that ph(G) ≤ 1 is a partial cube.
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Note that a bipartite graph whose pre-hull number is greater than 1 may or
may not be a partial cube. For example, 2 is the pre-hull number of both K2,3,
which is the smallest connected bipartite graph which is not a partial cube, and
of the partial cube Q−3 (i.e. the 3-cube Q3 minus a vertex).
A lot of well-known partial cubes have a pre-hull number which is at most
equal to 1: median graphs, benzenoid graphs, cellular bipartite graphs and more
generally netlike partial cubes, and also antipodal partial cubes. We recall that
a connected graph G is called antipodal if for any vertex x ∈ V (G) there is a
(necessarily unique) vertex x¯ (the antipode of x) such that IG(x, x¯) = V (G).1
In such a graph one obviously has that
dG(x, y) + dG(y, x¯) = dG(x, x¯) = r for any x, y ∈ V (G),
where r is the diameter ofG. Next result gives two characterizations of antipodal
partial cubes.
Theorem 3.9. Let G be a bipartite antipodal graph. The following assertions
are equivalent:
(i) G is a partial cube.
(ii) ph(G) ≤ 1.
(iii) G contains no subdivision of K3,3.
(iv) G is interval monotone.
Proof. (i) ⇒ (ii) is proved in [53, Subsection 8]. The equivalence of (i) and (iii)
is proved in [59], whereas the equivalence of (i) and (iv) is [52, Theorem 4.3].
It follows that the bipartite antipodal graph graph Kn,n −M , where n > 4
and M is a perfect matching of Kn,n, is not a partial cube since it clearly
contains a subdivision of K3,3.
We will now study some properties of partial cubes whose pre-hull number
is at most 1, with in particular the closure of the class of these graphs under
usual operations of partial cubes.
Proposition 3.10. Let G be a partial cube such that any finite subgraph of G
is contained in a finite convex subgraph of G whose pre-hull number is at most
1. Then ph(G) ≤ 1.
Proof. Let ab ∈ E(G) and u, v ∈ IG(Uab). Let Pu and Pv be geodesics joining
vertices in Uab on which lie u and v, respectively. Then 〈a, b〉 ∪ Pu ∪ Pv is
contained in a finite convex subgraph F of G such that ph(G) ≤ 1. The set UFab
is ph-stable since ph(F ) ≤ 1, and thus u, v lie on an (x, y)-geodesic R for some
x, y ∈ UFab. Because F is convex in G, it follows that R is a geodesic in G, and
also that x, y ∈ Uab since UFab = Uab ∩ V (F ) by Lemma 3.12. Therefore Uab,
and analogously Uba, are ph-stable. Hence ph(G) ≤ 1 by Proposition 3.7.
1Bipartite antipodal graphs were introduced by Kotzig [33] under the name of S-graph.
This concept of antipodality is a special case of the general concept of antipodality commonly
used in algebraic graph theory.
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Remark 3.11. We now prove that the converse of Proposition 3.10 is not true.
1. We first construct a sequence G0, G1, . . . of graphs satisfying the following
conditions:
(1) Gn is a finite partial cube.
(2) Gn is a convex subgraph of Gn+1.
(3) A cycle of Gn is isometric if and only if it is a 6-cycle, and thus any
isometric cycle of Gn is convex.
(4) For each edge ab of Gn and all u, v ∈ U
Gn
ab , dGn(u, v) is even and each
(u, v)-geodesic 〈u0, . . . , u2p〉 with u0 = u and u2p = v is such that u2i ∈ U
Gn
ab
for 0 ≤ i ≤ p.
(5) For each edge ab of Gn, if u, v ∈ IGn(U
Gn
ab ) are such that v /∈ IGn(u,w)
for any w ∈ UGnab , then v ∈ IGn+1(u,w) for some w ∈ U
Gn+1
ab .
(6) For each n ≥ 1, there exist ab ∈ E(Gn) and two vertices u, v ∈ IGn(U
Gn
ab )
such that v /∈ IGn(u,w) for any w ∈ U
Gn
ab , i.e. U
Gn
ab is not ph-stable.
G2G1 = G0
xC4x
C
2
xC0
yC
x5
x4
x3
x2
x1
x0
Figure 1: Construction of G.
Let G0 be a 6-cycle. Suppose that Gn has already been constructed for some
n ≥ 0. We construct Gn+1 as follows. Denote by Cn the set of all 6-cycles of
Gn which are not cycles of Gn−1 if n > 1. Suppose that each cycle C ∈ C has
exactly two vertices whose degree in Gn is 2, and that the distance between
these two vertices is 2.
For C = 〈x0, . . . , x5, x0〉 ∈ Cn whose vertices of degree 2 are x2 and x4, let
yC , xC0 , . . . , x
C
5 be seven vertices which do not belong to Gn, and let
C := C ∪
⋃
i=0,2,4
〈yC , xCi , xi〉
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(see Figure 1). Moreover, if C and C′ are distinct elements of Cn, then the new
vertices are chosen so that the sets {yC , xC0 , . . . , x
C
5 } and {y
C′, xC
′
0 , . . . , x
C′
5 } are
disjoint. Now let
Gn+1 := Gn ∪
⋃
C∈Cn
C.
For any C ∈ Cn the following facts are clear:
(a) The isometric cycles of Gn+1 are the 6-cycles of this graph, and each of
these cycles has exactly two vertices whose degree in Gn+1 is 2, and the distance
between these two vertices is 2.
(b) The set of edges {x2ixC2i : 0 ≤ i ≤ 2} is a new Θ-class in Gn+1.
(c) For 0 ≤ i ≤ 2, the edges yCxC2i, x2i+2x2i+1, x2i+4x2i+5 (the indices
being modulo 6) are Θ-equivalent in Gn+1.
(d) UGn+1
x0xC0
= {x0, x2, x4} and IGn+1(U
Gn+1
yC0 x
C
0
)− UGn+1
yC0 x
C
0
{x1, x3, x5}.
(e) For any edge ab of Gn,
IGn(U
Gn
ab )− U
Gn
ab ⊆ IGn+1(U
Gn+1
ab )− U
Gn+1
ab .
(f) The vertex yC has no gate in C since there are three vertices of C,
namely x0, x2, x4, whose distance to yC is minimal.
Now we can check that Gn+1 satisfies the conditions (1)-(6).
(1): The relation Θ on E(Gn+1) is clearly transitive, and thus Gn+1 is a
partial cube.
(2), (3) and (4) follow immediately from the induction hypothesis, the con-
struction and the preceding facts.
(5): Let ab be an edge of Gn and two vertices u, v ∈ IGn(U
Gn
ab ) such
that v /∈ IGn(u,w) for any w ∈ U
Gn
ab . Then, in particular, v /∈ U
Gn
ab , and
n ≥ 1. By (4), we can suppose without loss of generality that u ∈ UGnab .
Let 〈u0, . . . , u2p, v〉 be a (u, v)-geodesic with u0 = u. Then u2i ∈ U
Gn
ab for
0 ≤ i ≤ p. Because v ∈ IGn(U
Gn
ab ), it follows that there is a vertex u2i+2 ∈ U
Gn
ab
such that 〈u2p, v, u2p+2〉 is a geodesic. Because v /∈ IGn(u, u2p+2), it follows
that dGn(u, u2p) = dGn(u, u2p+2). Then, if u
′
2p and u
′
2p+2 are the neighbors in
UGnba of u2p and u2p+2, respectively, and if P
′ is a (u′2p, u
′
2p+2)-geodesic, then
C = 〈u′2p, u2p, v, u2p+2, u
′
2p+2〉 ∪ P
′ is a 6-cycle which is not contained in Gn−1
by the construction. Denote C as the cycle 〈x0, . . . , x5, x0〉 with in particu-
lar x0 = v, x5 = u2p and x1 = u2p+2. Then, by (c), the edge xC0 y
C is Θ-
equivalent to the edge x1x2, that is u2p+2u′2p+2. Hence, by transitivity, x
C
0 y
C is
Θ-equivalent to ab. Therefore v ∈ IGn+1(u, x
C
0 ) since Gn is a convex subgraph
of Gn+1.
(6) Let n ≥ 1 and C = 〈x0, . . . , x5, x0〉 ∈ Cn−1. Then, by (d), U
Gn
x0xC0
=
{x0, x2, x4} and x3 ∈ IGn(U
Gn
x0xC0
) − UGn
x0xC0
, but x3 /∈ IGn(x0, x2) ∪ IGn(x0, x4)
because dGn(x0, x3) = 3 whereas dGn(x0, x2) = dGn(x0, x4) = 2.
Now let G :=
⋃
n∈N Gn. Then, clearly:
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• G is a partial cube by (1) and (2).
• ph(G) ≤ 1 by (5).
• Gn is a convex subgraph of G by (2) such that ph(Gn) > 1 if n ≥ 1 by
(6).
• For each edge ab of G, any vertex u ∈ IG(Uab)−Uab (resp. u ∈ IG(Uba)−
Uba) lies on a 6-cycle which belongs to C(G, ab), by the construction.
• The isometric cycles of G are its 6-cycles, and thus these cycles are convex
by (3), but none of them is gated by (f).
Some of these properties are in fact not necessary for our present purpose,
but they will be useful later (see Remark 4.48).
2. Now we show that this graph G is a counterexample of the converse of
Proposition 3.10, i.e. ph(G) = 1 but there exists a finite subgraph of G which is
not contained in a finite convex subgraph of G whose pre-hull number is at most
1.
Proof. We already know that ph(G) = 1. Suppose that there exists a finite
convex subgraph F of G with ph(F ) = 1 which contains Gn for some n ≥ 1. Let
C = 〈x0, . . . , x5, x0〉 ∈ Cn−1 whose vertices of degree 2 are x2 and x4, and let
yC , xC0 , . . . , x
C
5 be defined as in the preceding remark. Then C is a subgraph of
Gn. Let i = 1, 3, 5. Denote by Ci the 6-cycle of C which passes through xi. We
know, by (b) and (5) above, that xCii is the only vertex in U
Gn+1
x0xC0
which is such
that xi ∈ IGn+1(x0, x
Ci
i ). Moreover, by the construction of G, x
Ci
i lies on any
(xi, u)-geodesic for every vertex u ∈ UGx0xC0
such that xi ∈ IG(x0, u). It follows
that xCii ∈ V (F ) because ph(F ) = 1, and consequently Ci is a subgraph of F
because this subgraph is convex in G. This being true for every C ∈ Cn−1, it
follows that every cycle in Cn is contained in F , and hence Gn+1 is a subgraph
of F . We infer by induction that F contains Gi for every i ≥ n, and thus F = G
contrary to the fact that F is finite by hypothesis.
As was shown in [53, Remark 8.1], the class of all partial cubes whose pre-
hull number is at most 1 is not closed under convex subgraphs. The graph
Mn,1, n ≥ 4, i.e. the cube Qn from which a pair of antipodal vertices has been
removed, has a pre-hull number equal to 1 (note that this graph is an antipodal
partial cube). On the other hand Mn,1 contains copies of Q
−
n−1 (the cube Qn−1
with only one vertex deleted) as convex subgraphs (see Figure 2 for n = 4,
where Q−3 is depicted by the big points and the thick lines), and ph(Qn−1) = 2
by [53, Theorem 5.8]. It was also shown in [44, Remark 3.3] that Q−3 is a retract
of M4,1, which proves that the class of all partial cubes whose pre-hull number
is at most 1 is not closed under retracts. However, we will see that it is closed
under gated subgraphs.
Lemma 3.12. Let G be a partial cube, F an isometric subgraph of G, and ab
an edge of F . Then
• WFab =W
G
ab ∩ V (F ) and W
F
ba =W
G
ba ∩ V (F )
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Figure 2: M4,1 with a copy of Q
−
3 as a convex subgraph.
• UFab ⊆ U
G
ab ∩ V (F ).
If moreover F is convex in G, then
• UFab = U
G
ab ∩ V (F ).
Proof. The first assertions are immediate consequences of the definitions ofWab
and Uab, and of the fact that F is isometric in G. Assume now that F is
convex in G. Let x ∈ UGab ∩ V (F ), and let y be the neighbor of x in U
G
ba.
Then y ∈ IG(x, b) = IF (x, b) since F is convex. Hence x ∈ UFab. Therefore
UFab ⊇ U
G
ab ∩ V (F ), and we are done by the above converse inclusion.
Lemma 3.13. Let G be a partial cube, F a gated subgraph of G, and ab an
edge of F . Then the gate in F of any x ∈ UGab belongs to U
F
ab.
Proof. This is trivial if x ∈ V (F ). Assume that x ∈ V (G−F ), and let y be the
neighbor of x in UGba. Clearly, by Lemma 3.12,
WFab ⊆W
G
ab andW
F
ba ⊆W
G
ba
UFab ⊆ U
G
ab and U
F
ba ⊆ U
G
ba
since F is convex in G.
Denote by g(x) and g(y) the gates in F of x and y, respectively. Then
g(x) ∈ IG(x, a) and g(y) ∈ IG(y, b). Hence g(x) ∈ WFab and g(y) ∈ W
F
ba.
On the other hand y, g(x) ∈ IG(x, g(y)) and x, g(y) ∈ IG(y, g(x)). It easily
follows that the vertices g(x) and g(y) are adjacent. Therefore g(x) ∈ UFab and
g(y) ∈ UFba.
Theorem 3.14. Let F be a gated subgraph of a partial cube G such that
ph(G) ≤ 1. Then ph(F ) ≤ 1.
Proof. Let ab be an edge of F . By Lemma 3.12, we have UFab ⊆ U
G
ab and
UFba ⊆ U
G
ba since F is convex in G. We will show that U
F
ab is ph-stable.
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Let x, y ∈ IF (UFab). Because IF (U
F
ab) ⊆ IG(U
G
ab), and since U
G
ab is ph-
stable by Proposition 3.7, it follows that y ∈ IG(x, z) for some z ∈ UGab. By
Lemma 3.13, the gate g(z) of z in F belongs to UFab. Moreover y ∈ IF (x, g(z))
since g(z) ∈ IG(y, z). Consequently UFab is ph-stable.
In the same way we can prove that UFba is ph-stable. We infer that ph(F ) ≤ 1
from Proposition 3.7.
Theorem 3.15. Let G be the gated amalgam of two partial cubes G0 and G1.
Then ph(G) ≤ 1 if and only if ph(Gi) ≤ 1 for i = 0, 1.
Proof. The necessity is clear by Theorem 3.14 since G0 and G1 are isomorphic
to two gated subgraphs of G. Conversely, assume that G = G0 ∪G1 where, for
i = 0, 1, Gi is a gated subgraph of G such that ph(Gi) ≤ 1. The subgraph
G01 := G0 ∩G1 is also gated in G as an intersection of gated subgraphs. Let ab
be an edge of G. We will show that UGab is ph-stable. We distinguish two cases.
Case 1. UGab = U
Gi
ab for some i = 0 or 1.
Then UGab is ph-stable since so is U
Gi
ab by Proposition 3.7.
Case 2. UGab 6= U
Gi
ab for i = 0, 1.
Then, for i = 0, 1, Gi has an edge which is Θ-equivalent to ab. Hence G01,
which is gated in G, also has an edge Θ-equivalent to ab. Then, without loss of
generality we can suppose that ab ∈ E(G01). For any x ∈ V (G) and i = 0, 1,
we denote by gi(x) the gate of x in Gi. Clearly
WGab =W
G0
ab ∪W
G1
ab and W
G
ba =W
G0
ba ∪W
G1
ba (1)
UGab = U
G0
ab ∪ U
G1
ab and U
G
ba = U
G0
ba ∪ U
G1
ba (2)
IG0(U
G0
ab ) ∪ IG1(U
G1
ab ) ⊆ IG(U
G
ab). (3)
Let u, v ∈ IG(UGab). If u, v ∈ IG(U
Gi
ab ) for some i = 0 or 1, then v ∈ IGi(u,w)
for some w ∈ UGi(ab). Hence we are done because v ∈ IG(u,w) by (3) and
w ∈ UG(ab) by (2).
Suppose that u ∈ V (G0)−V (G1) and v ∈ V (G1)−V (G0). We first show that
u ∈ IG0(U
G0
ab ). Because u ∈ V (G0) − V (G1), we can suppose that u ∈ IG(x, y)
for some x ∈ UG0ab and y ∈ U
G1
ab . Then g0(y) ∈ U
G0
ab by Lemma 3.13, and thus u ∈
IG0(x, g0(y)) since g0(y) ∈ IG0(u, y). It follows that g1(u) ∈ IG01(g1(x), g0(y)) ⊆
IG1(U
G1
ab ). Analogously v ∈ IG1(U
G1
ab ). Hence v ∈ IG1(g1(u), w) for some w ∈
UG1ab because U
G1
ab is ph-stable by Proposition 3.7. We infer that v ∈ IG(u,w),
which proves that UGab is ph-stable.
In the same way we can prove that UGba is ph-stable. Consequently ph(G) ≤ 1
by Proposition 3.7.
Theorem 3.16. Let G = G0✷G1 be the Cartesian product of two partial cubes
G0 and G1. Then ph(G) ≤ 1 if and only if ph(Gi) ≤ 1 for i = 0, 1.
Proof. Assume that ph(G) ≤ 1. Let Fi be a Gi-fiber of G for some i = 0 or
1. Then Fi is a gated subgraph of G. Indeed, by the Distance Property of the
Cartesian product, the projection onto Fi of any vertex x of G is the gate of
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x in Fi. Therefore, by Theorem 3.14, Fi, and thus Gi, has a pre-hull number
which is at most 1.
Conversely, assume that ph(Gi) ≤ 1 for i = 0, 1. For any x ∈ V (G), we
denote by x0 and x1 the projections of x onto G0 and G1, respectively, i.e.
x = (x0, x1). Let ab ∈ E(G). Then ai = bi for exactly one i, say i = 1. We will
show that UGab is ph-stable.
Clearly, any cd of G is Θ-equivalent to ab if and only if c1 = d1 and c0d0 is
Θ-equivalent to a0b0. Hence
UGab = U
G0
a0b0
× V (G1). (4)
Let u, v ∈ IG(UGab). By the Interval Property of the Cartesian product,
u0, v0 ∈ IG0(U
G0
a0b0
). Then, because UG0a0b0 is ph-stable by Proposition 3.7, it
follows that v0 ∈ IG0(u0, w0) for some w0 ∈ U
G0
a0b0
. In the case where u0 = v0,
we can choose w0 as any element of U
G0
a0b0
. Let w := (w0, v1). Then w ∈ UGab by
(4), and v ∈ IG(u,w) by the Distance Property of the Cartesian product. This
proves that UGab is ph-stable.
In the same way we can prove that UGba is ph-stable. Consequently ph(G) ≤ 1
by Proposition 3.7.
From the above theorems we infer the following result:
Corollary 3.17. The class of all partial cubes whose pre-hull number is at
most 1 is closed under gated subgraphs, gated amalgams and Cartesian products.
3.2 Ph-homogeneous partial cubes
In this subsection we introduce the main concept of this study.
Definition 3.18. A graph G is said to be ph-homogeneous if any finite convex
subgraph of G has a pre-hull number which is at most 1.
Because, by [44, Proposition 4.4], any convex subgraph of a netlike partial
cube is also a netlike partial cube, it follows that netlike partial cubes, and
thus median graphs, trees, cellular bipartite graphs, benzenoid graphs are ph-
homogeneous partial cubes.
Proposition 3.19. Any ph-homogeneous bipartite graph is a partial cube.
Proof. Let G be ph-homogeneous bipartite graph. By Theorem 3.8, any finite
convex subgraph of G is a partial cube. Hence G is itself a partial cube by
Lemma 2.6.
Note that, as an immediate consequence of Propositions 3.7 and 3.10, we
have:
Proposition 3.20. Let G be a ph-homogeneous partial cube. Then ph(G) ≤ 1,
and thus Uab and Uba are ph-stable for every edge ab of G.
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From the fact that ph(G) ≤ 1 and by Lemma 3.4, we deduce that coG(Uab) =
IG(Uab) for every edge ab of a ph-homogeneous partial cube G.
Theorem 3.21. The class of ph-homogeneous partial cubes is closed under
convex subgraphs, gated amalgams and finite or infinite Cartesian products.
Proof. Convex subgraph: Any convex subgraph of a ph-homogeneous partial
cube is obviously a ph-homogeneous partial cube, whence the result.
Gated amalgam: Assume that G = G0 ∪ G1, where G0 and G1 are ph-
homogeneous partial cubes that are gated subgraphs of G. Let F be a finite
convex subgraph of G. If F is a subgraph of Gi for some i = 0 or 1, then
ph(F ) ≤ 1 since Gi is ph-homogeneous. Suppose that Fi := F ∩ Gi 6= ∅ for
i = 0, 1. Then, for any i = 0 or 1, Fi is convex in Gi, and moreover the gate
g1−i(x) of each x ∈ V (Fi) in G1−i belongs to F , because g1−i(x) ∈ IG(x, y) for
every y ∈ V (F1−i) and F is convex. It follows that F is the gated amalgam of
F0 and F1. Therefore ph(F ) ≤ 1 by Theorem 3.15, since ph(Fi) ≤ 1 for i = 0, 1
by what we saw above. Consequently G is a ph-homogeneous partial cube.
Cartesian product: Let G = ∈IGi be the (weak) Cartesian product of
a family of ph-homogeneous partial cubes, and F a finite convex subgraph of
G. Because F is finite, the set J := {j ∈ I : |pri(F )| > 1} is finite, pri(F ) is
convex for all i ∈ I, and F = i∈Ipri(F ). It follows that F is isomorphic to
F ′ := j∈Jprj(F ). For all j ∈ J , ph(prj(F )) ≤ 1 sinceGj is a ph-homogeneous
partial cube and prj(F ) is a finite convex subgraph of Gj . Therefore ph(F ′) ≤ 1
by Theorem 3.16, and thus ph(F ) ≤ 1. Consequently G is a ph-homogeneous
partial cube.
Corollary 3.22. The Cartesian product G0✷G1 of two partial cubes G0 and
G1 is ph-homogeneous if and only if so are G0 and G1.
Proof. The sufficiency is a consequence of the above theorem. Conversely sup-
pose that G := G0✷G1 is ph-homogeneous. Let Fi be a Gi-fiber of G for some
i = 0 or 1.Then Fi is a convex subgraph of G. Hence Fi, and thus Gi, is
ph-homogeneous by Theorem 3.21.
Recall that a partially ordered set A is down-directed if any pair of elements
of A has a lower bound.
Theorem 3.23. If Γ is a set of ph-homogeneous partial cubes which is down-
directed for the subgraph relation, then
⋂
Γ is ph-homogeneous.
Proof. Let F be a finite convex subgraph of
⋂
Γ. Note that the set {coG(F ) :
G ∈ Γ} is also down-directed for the subgraph relation, since coG(F ) ⊆ coG′(F )
if G ⊆ G′.
Claim.
⋂
G∈Γ coG(F ) = F .
This is clear if Γ has a minimal element, say G, because a down-directed
ordered set may have at most one minimal element, and thus
⋂
Γ = G.
Assume that Γ has no minimal element, which in particular implies that Γ
is infinite. It suffices to prove that
⋂
G∈Γ IG(F ) = F . Let x ∈ V (
⋂
G∈Γ IG(F )).
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Suppose that x /∈ V (F ), and let G ∈ Γ. The set LG of geodesics in G which
pass through x and join two vertices of F is finite, because F is finite and each
interval of a partial cube is finite. Let P ∈ LG. Because Γ has no minimal
element and x /∈ V (F ), there exists G′ ∈ Γ such that P /∈ LG′ . Then, since Γ
is down-directed, there exists GP ∈ Γ such that GP is a subgraph of G and G′.
It follows that P /∈ LGP . Because LG is finite, by repeating the same argument
we can show that there exists Gx ∈ Γ which is a subgraph of G such that LGx
contains no element of LG. Therefore x /∈ IGx(F ), contrary to the hypothesis.
Hence x ∈ V (F ), which proves the claim.
From the claim and the facts that the set {coG(F ) : G ∈ Γ} is down-directed
and that coG(F ) is finite by Lemma 2.5(iii) for every G ∈ Γ, we infer that
F = coG(F ) for some G ∈ Γ. Hence F is convex in G, and thus ph(F ) ≤ 1 since
G is ph-homogeneous. Therefore
⋂
Γ is ph-homogeneous.
3.3 Convexity properties
In order to state a characterization of ph-homogeneous partial cubes given
in [51], we recall four specific properties of an abstract interval space (X, I)
and of a convex structure (X, C) (see [64]):
Peano Property: For all u, v, w ∈ X , x ∈ I(u,w) and y ∈ I(v, x), there
exists a point z ∈ I(v, w) such that y ∈ I(u, z).
Pash Property: For all u, v, w ∈ X , v′ ∈ I(u,w) and w′ ∈ I(u, v), the
intervals I(v, v′) and I(w,w′) are non-disjoint.
Join-Hull Commutativity Property: For any convex set C ⊆ X and any
u ∈ X , the convex hull of {u} ∪C equals the union of the convex hull of {u, v}
for all v ∈ C.
Kakutani Separation Property S4: If C,D ⊆ X are disjoint convex sets,
then there is a half-space H which separates C from D, that is, C ⊆ H and
D ⊆ X −H .
By [64, Theorem 4.11], if a convex structure (X, C) induced by by an in-
terval operator I is such that all intervals are convex, then (X, C) is join-hull
commutative if and only if the interval space (X, I) has the Peano Property.
Moreover, by [15], a convex structure of arity 2 has the Pash Property if and
only if it has the separation property S4. Furthermore, according to Chepoi [16],
the geodesic interval space of a bipartite graph which is join-hull commutative
and has convex intervals also have the separation property S4. An interval space
satisfying the Pash and Peano properties is called a Pash-Peano space.
From now on, we will say that a graph has one of the above properties if its
geodesic interval space or its geodesic convex structure has this property.
If all intervals of some graph G are convex, which is the case if G is a partial
cube, and if G is join-hull commutative, then coG({u}∪C) = IG({u}∪C for all
vertex u and convex set C of G. This is in particular the case if C is a copoint
at u. It follows that such a graph G has a pre-hull number which is at most 1.
We recall that an interval monotone bipartite graph is not necessarily a
partial cube as is shown by the graph in Figure 3 (cf. [13]), but that a bipartite
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graph is a partial cube if its pre-hull number is at most 1 (Theorem 3.8).
Figure 3: A monotone bipartite graph which is not a partial cube.
Note that a partial cube may have the separation property S4 but not the
Join-Hull Commutativity Property. This is for example the case of Q−3 , which
has a pre-hull number equal to 2 and clearly has the separation property S4. On
the other hand a partial cube with pre-hull number at most 1 may not have the
separation property S4, and thus not the Join-Hull Commutativity Property.
Take for example M4,1 (see Figure 2). As we saw, ph(M4,1) = 1. Moreover
its edge set contains exactly four Θ-classes, and we can easily find two disjoint
convex paths of length 2 such that each Θ-class has a representative edge in
one of these paths. This implies that the vertex sets of these paths cannot be
separated by a half-space, and hence that M4,1 has not the separation property
S4. However we have the following result.
Theorem 3.24. (Polat [51, Theorem 3.4]) Let G be an interval monotone bi-
partite graph. The following assertions are equivalent:
(i) G has the Peano Property.
(ii) G is join-hull commutative.
(iii) G is a ph-homogeneous partial cube.
(iv) G is a partial cube all of whose intervals induce subgraphs with pre-hull
number at most 1.
(v) G has the separation property S4 and ph(G) ≤ 1.
(vi) G has the Pash Property and ph(G) ≤ 1.
From the equivalence of (iii) and (iv) we infer the following particular case:
Corollary 3.25. A partial cube is ph-homogeneous if an only if the pre-hull
number of the subgraphs induced by each of its intervals is at most 1.
By the above theorem, we infer that the ph-homogeneous partial cubes are
the Pash-Peano partial cubes, and moreover that the Peano Property is stronger
than the Pash Property for partial cubes. This is why we choose to call the
partial cubes that are ph-homogeneous the Peano partial cubes.
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3.4 Median graphs and netlike partial cubes
Theorem 3.24 is useful to prove particular properties for some special partial
cubes with pre-hull number at most 1, such as median graphs and netlike partial
cubes. We first enlarge the long list of characterizations of median graphs by
adding new ones to the result [53, Theorem 7.7]. We recall that a graph G is
modular if
⋂
1≤i<j≤3 IG(xi, xj) 6= ∅ for every triple (x1, x2, x3) of vertices of G.
Each element of this intersection is called a median of G. A median graph is a
modular graph in which every triple of vertices has a unique median.
Theorem 3.26. Let G be a connected modular graph. Then the following as-
sertions are equivalent:
(i) G is a median graph.
(ii) ph(G) ≤ 1.
(iii) The restriction of the relation Θ to the edge-boundary of any convex set
of G is transitive.
(iv) G is join-hull commutative.
(v) G has the Peano Property.
(vi) G has the Pash Property.
(vii) G has the separation property S4.
(viii) All intervals of G are convex.
Proof. The equivalences of the assertions (i) – (iii) are those of [53, Theorem
7.7], the equivalences of the assertions (v), (vi) and (viii) are consequences of
[64, Theorem 6.10], the equivalence of (vi) and (vii) was proved in [15], and the
equivalence of (iv) and (v) is [64, Theorem 4.11].
(i) ⇒ (iv): If G is a median graph, then so is any of its convex subgraphs.
Hence, by the equivalence of (iii) and (i), the pre-hull number of any convex
subgraph of G is at most 1. Therefore G is join-hull commutative by Theo-
rem 3.24.
(iv) ⇒ (ii): Assume that G is join-hull commutative. By the equivalence of
(iv) and (viii), all intervals of G are convex. Hence the Join-Hull Commutativity
Property implies that ph(G) ≤ 1.
By [1], a partial cube G is a median graph if, for every edge ab of G, the
sets Uab and Uba are convex. More generally, a partial cube G is a netlike
partial cube [43] if, for every edge ab of G, any vertex of coG(Uab) − Uab (resp.
coG(Uba)− Uba) does not belong to a cycle of G[coG(Uab)] (resp. G[coG(Uba)]).
The class of netlike partial cubes contains median graphs, even cycles, cel-
lular bipartite graphs and benzenoid graphs as particular instances. We recall
some characterizations of netlike partial cubes.
Proposition 3.27. (Polat [43, Theorems 3.8 and 3.10]) Let G be a partial cube.
Then G is netlike if and only if it satisfies any of the pairs (i)(ii) or (ii)(iii) of
the following three properties:
(i) ph(G) ≤ 1.
(ii) For any edge ab of G, each vertex in coG(Uab) − Uab has degree 2 in
G[coG(Uab)].
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(iii) The convex hull of each non-convex isometric cycle of G is a hypercube.
By [44, Proposition 4.4], any convex subgraph of a netlike partial cube is also
netlike, and thus has a pre-hull number which is at most 1 by Proposition 3.27(i).
Hence a netlike partial cube is a Peano partial cube. Consequently we have:
Theorem 3.28. Any netlike partial cube is join-hull commutative, and thus has
the Peano and Pash Properties, and the separation property S4.
This theorem generalizes [45, Theorem 4.1], where this property was proved
only for the particular netlike partial cubes that were said to have the “Median
Cycle Property”. We will use this result to obtain the Helly number of a netlike
partial cube.
3.5 Elementary Peano partial cubes
We denote by C the class of even cycles of length greater than 4. The Cartesian
product of a finite family of even cycles such that the length of at least one of
them is greater than 4 is called a hypertorus. In particular an even cycle of length
greater than 4 is a hypertorus, and more precisely a 1-torus, whereas a 4-cycle
and more generally a hypercube will not be considered as a hypertorus. By the
prism over a hypertorus we mean the Cartesian product of a hypertorus withK2.
If n is a positive integer, we call an hypertorus which is the Cartesian product
of n cycles an n-torus, and a prism over a n-torus an n-prism. Furthermore,
by a quasi-hypertorus we mean either a hypercube or a hypertorus or the prism
over a hypertorus, that is, the Cartesian products of two-vertex complete graphs
and even cycles. We denote by Tor the class of all quasi-hypertori. Finally, the
Cartesian product of an even cycle of length greater than 4 with a path is called
a cylinder, and more generally the Cartesian product of an even cycle of length
greater than 4 with a Peano partial cube is called a hypercylinder, and the class
of all hypercylinders is denoted by Cyl.
Quasi-hypertori are particular hypercylinders. From Theorem 3.21 and the
fact that even cycles are ph-homogeneous, we infer that quasi-hypercylinders are
Peano partial cubes.
4 Characteristic and general properties
Any properties of Theorem 3.24 characterizes Peano partial cubes, but none of
them gives some useful piece of information on the structure of these graphs.
In this section we give six structural characterizations of Peano partial cubes
(Theorems 4.5) which will be essential to obtain most of the properties of these
graphs in the subsequent sections.
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4.1 The characterization theorem
If A is a set of vertices of a graph G, then, by an A-path of G we mean a path
of G of length at least 2 joining two vertices in A and with no inner vertex in
A.
Definition 4.1. Let ab be a edge of some partial cube G. Then Uab is said
to be strongly ph-stable if, for any vertex u ∈ IG(Uab) − Uab, there exists a
convex Uab-path Pu which passes through u and which satisfies the following
two properties:
(SPS1) For every x ∈ IG(Uab), u ∈ IG(x, v) for some endvertex v of Pu.
(SPS2) For all vertices x, y ∈ Uab such that u ∈ IG(x, y), Pu is a subpath
of some (x, y)-geodesic.
By (SPS1), Uab is ph-stable if it is strongly ph-stable. The converse is clearly
not true. However we have the following results.
Lemma 4.2. Let G be a partial cube, ab an edge of G such that Uab is ph-
stable, and Pu a convex Uab-geodesic which passes through a given vertex u ∈
IG(Uab)− Uab. If Pu satisfies (SPS2), then it also satisfies (SPS1).
Proof. Let x ∈ IG(Uab). Because Uab is ph-stable, x ∈ IG(u, y) for some y ∈ Uab,
and also u ∈ IG(y, z) for some z ∈ Uab. Then, by (SPS2), there exists a (y, z)-
geodesic Q which contains Pu as a subpath. Let v be the endvertex of Pu
which lies in Q[u, z], and let R be a (y, u)-geodesic passing through x. Then, by
Lemma 2.5(iv,v), R ∪Q[u, v] is an (x, v)-geodesic which passes through u, and
thus u ∈ IG(x, v).
We obtain immediately:
Corollary 4.3. Let G be a partial cube, ab an edge of G such that Uab is
ph-stable. Then Uab is strongly ph-stable if and only if, for any vertex u ∈
IG(Uab) − Uab, there exists a convex Uab-path Pu which passes through u and
which satisfies (SPS2).
Let G be a partial cube, and H a class of graphs. Then any convex sub-
graph of G that belongs to H is called an H-subgraph of G, and the set of
all H-subgraphs of G is denoted by H(G). Furthermore, for any edge ab of
G, we denote by H(G, ab) the set of all H-subgraphs of G that have an edge
Θ-equivalent to ab.
Definition 4.4. Let ab be an edge of a partial cube G, and A a component of
G[coG(Uab) − Uab]. Then the subgraph of G induced by NG[coG(Uab)][V (A)] is
called a bulge of coG(Uab).
Theorem 4.5 (Characterization Theorem). Let G be a partial cube. The
following assertions are equivalent:
(i) G is ph-homogeneous.
(ii) Uab and Uba are strongly ph-stable for every edge ab of G.
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(iii) For each edge ab of G and any bulge X of coG(Uab) (resp. coG(Uba)),
we have the following two properties:
(HNB1) There exists a convex H ∈ Cyl(G, ab) such that X = H −Wba
(resp. X = H −Wab).
(HNB2) X − Uab (resp. X − Uba) is a separator of Gab := G[coG(Uab)]
(resp. Gba).
(iv) For each edge ab of G and any bulge X of coG(Uab) (resp. coG(Uba)),
there exists a gated H ∈ Cyl(G, ab) such that X = H − Wba (resp. X =
H −Wab).
(v) For each edge ab of G, any vertex u ∈ IG(Uab) − Uab (resp. u ∈
IG(Uba)− Uba) lies on a gated cycle Cu ∈ C(G, ab).
(vi) For each edge ab of G, any vertex u ∈ IG(Uab) − Uab (resp. u ∈
IG(Uba) − Uba) lies on an isometric cycle Cu ∈ C(G, ab), and the convex hull
of any isometric cycle of a G is a gated quasi-hypertorus.
Note the analogy between Proposition 3.7 and the equivalence of the asser-
tions (i) and (ii) of the above theorem.
To prove this theorem, we need a lot of secondary results.
4.2 Expansion and Θ-contraction
To prove the implication (i)⇒(ii) of Theorem 4.5 we need some basic proper-
ties of an expansion and of a Θ-contraction of a graph, a concept which was
introduced by Mulder [36] to characterize median graphs and which was later
generalized by Chepoi [17].
Definition 4.6. A pair (V0, V1) of sets of vertices of a graph G is called a proper
cover of G if it satisfies the following conditions:
• V0 ∩ V1 6= ∅ and V0 ∪ V1 = V (G);
• there is no edge between a vertex in V0 − V1 and a vertex in V1 − V0;
• G[V0] and G[V1] are isometric subgraphs of G.
Definition 4.7. An expansion of a graph G with respect to a proper cover
(V0, V1) of G is the subgraph of G✷K2 induced by the vertex set (V0 × {0}) ∪
(V1 × {1}) (where {0, 1} is the vertex set of K2).
An expansion of a partial cube is a partial cube (see [17]). If G′ is an
expansion of a partial cube G, then we say that G is a Θ-contraction of G′,
because, as we can easily see, G is obtained from G′ by contracting each element
of some Θ-class of edges of G′. More precisely, let G be a partial cube different
fromK1 and let uv be an edge of G. Let G/uv be the quotient graph of G whose
vertex set V (G/uv) is the partition of V (G) such that x and y belong to the same
block of this partition if and only if x = y or xy is an edge which is Θ-equivalent
to uv. The natural surjection γuv of V (G) onto V (G/uv) is a contraction (weak
homomorphism in [24]) of G onto G/uv, that is, an application which maps any
two adjacent vertices to adjacent vertices or to a single vertex. Then clearly
the graph G/uv is a partial cube and (γuv(WGuv), γuv(W
G
vu)) is a proper cover of
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G/uv with respect to which G is an expansion of G/uv. We will say that G/uv
is the Θ-contraction of G with respect to the Θ-class of uv.
Let G′ be an expansion of a graph G with respect to a proper cover (V0, V1)
of G. We will use the following notation.
• For i = 0, 1 denote by ψi : Vi → V (G′) the natural injection ψi : x 7→ (x, i),
x ∈ Vi, and let V ′i := ψi(Vi). Note that V
′
0 and V
′
1 are complementary half-spaces
of G′. It follows in particular that these sets are copoints of G′.
• For any vertex x of G (resp. G′), denote by i(x) an element of {0, 1} such
that x belongs to Vi(x) (resp. V ′i(x)). If x ∈ V (G
′) and also if x ∈ V (G)−(V0∩V1),
then i(x) is unique; if x ∈ V0 ∩ V1 it may be 0 or 1.
• For A ⊆ V (G) put
ψ(A) := ψ0(A ∩ V0) ∪ ψ1(A ∩ V1).
Note that in the opposite direction we have that for any A′ ⊆ V (G′),
pr(A′) = ψ−10 (A
′ ∩ V ′0 ) ∪ ψ
−1
1 (A
′ ∩ V ′1 ),
where pr : G✷K2 → G is the projection (x, i) 7→ x.
The following lemma is a restatement with more precisions of [43, Lemma
4.5].
Lemma 4.8. Let G be a connected bipartite graph and G′ an expansion of G
with respect to a proper cover (V0, V1) of G, and let P = 〈x0, . . . , xn〉 be a path
in G. We have the following properties:
(i) If x0, xn ∈ Vi for some i = 0 or 1, then:
• if P is a geodesic in G, then there exists an (x0, xn)-geodesic R in G[Vi]
such that V (P ) ∩ Vi ⊆ V (R);
• P is a geodesic in G[Vi] if and only if P ′ = 〈ψi(x0), . . . , ψi(xn)〉 is a
geodesic in G′;
• dG′(ψi(x0), ψi(xn)) = dG(x0, xn);
• IG′(ψi(x0), ψi(xn)) = ψi(IG[Vi](x0, xn)) ⊆ ψ(IG(x0, xn)).
(ii) If x0 ∈ Vi and x1 ∈ V1−i for some i = 0 or 1, then:
• if there exists p such that x0, . . . , xp ∈ Vi and xp, . . . , xn ∈ V1−i, then P
is a geodesic in G if and only if the path
P ′ = 〈ψi(x0), . . . , ψi(xp), ψ1−i(xp), . . . , ψ1−i(xn)〉
is a geodesic in G′;
• dG′(ψi(x0), ψ1−i(xn)) = dG(x0, xn) + 1;
• IG′(ψi(x0), ψ1−i(xn)) = ψ(IG(x0, xn)).
The following result is an immediate consequence of Lemma 4.8.
Corollary 4.9. Let K be a convex set of connected bipartite graph G, and G′
an expansion of G with respect to a proper cover (V0, V1) of G. Then ψ(K) is a
convex set of G′.
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Lemma 4.10. (Polat [43, Lemma 4.8]) Let ab be an edge of a finite partial
cube G such that Uab is ph-stable. Let cd be an edge which is Θ-equivalent to an
edge of G[IG(Uab)], and let G′ := G/cd be the Θ-contraction of G with respect
to the Θ-class of cd, and γcd the natural surjective contraction of G onto G′.
Then IG′(UG
′
a′b′) = γcd(IG(U
G
ab)), where a
′ := γcd(a) and b′ := γcd(b), and UG
′
a′b′
is ph-stable.
Lemma 4.11. Let G be a partial cube and G′ an expansion of G with respect
to a proper cover (V0, V1) of G. Let u0u1 and v0v1 be two edges of G. For
j = 0, 1, let i(u), i(v) ∈ {0, 1} be such that uj ∈ Vi(u) and vj ∈ Vi(v), and let
u′j := ψi(u)(uj) and v
′
j := ψi(v)(vj). Then u0u1 and v0v1 are Θ-equivalent if and
only if so are u′0u
′
1 and v
′
0v
′
1.
Proof. By Lemma 4.8, for j, k ∈ {0, 1}, dG(u′j , v
′
k) = dG(uj , vk) + ǫ where ǫ is
equal to 0 or 1 according to whether i(u) is or is not equal to i(v). Whence the
result.
Lemma 4.12. Let G be a connected bipartite graph and G′ an expansion of G
with respect to a proper cover (V0, V1) of G, and let F be a convex subgraph of G.
Then F ′ := G′[ψ(V (F ))] is a convex subgraph of G′. Moreover, if V (F )∩Vi 6= ∅
for i = 0, 1, then (V0 ∩ V (F ), V1 ∩ V (F )) is a proper cover of F , and F ′ is the
expansion of F with respect to (V0 ∩ V (F ), V1 ∩ V (F )).
Proof. Let P ′ be a (u, v)-geodesic for some u′, v′ ∈ V (F ′), then V (P ′) ⊆
ψ(V (P )) for some (u, v)-geodesic P of G by Lemma 4.8, where u and v are
vertices of F such that u′ = ψ(u) and v′ = ψ(v). Then P is a path of F since F
is convex in G, and thus P ′ is a path of F ′ by the definition of F ′, which proves
that F ′ is convex in G′.
Assume now that V (F )∩Vi 6= ∅ for i = 0, 1. Let V ′i := Vi∩V (F ) for i = 0, 1.
The first two properties of a proper cover are clearly satisfied by (V ′0 , V
′
1) since
they are satisfied by (V0, V1). Moreover F [V ′0 ] and F [V
′
1 ] are isometric subgraphs
of F since F is convex inG andG[V0] andG[V1] are isometric inG. Consequently
(V ′0 , V
′
1) is a proper cover of F .
By definition, G′ is the subgraph of G✷K2 induced by (V0×{0})∪(V1×{1}),
where {0, 1} is the vertex set of K2. It follows that F ′, which is equal to
G′[ψ(V (F ))] by definition, is the subgraph of F✷K2 induced by (V ′0 × {0}) ∪
(V ′1 × {1}) since V
′
i = Vi ∩ V (F ) for i = 0, 1. Therefore F
′ is the expansion of
F with respect to (V ′0 , V
′
1).
Remark 4.13. Let G be a partial cube, e = cd some edge of G, G′ := G/e the
Θ-contraction of G with respect to the Θ-class of e, and γe the natural surjective
contraction of G onto G′. We use the following notation already introduced:
V0 :=Wcd V1 :=Wdc V ′0 := γe(V0) V
′
1 := γe(V1).
For i = 0, 1, let ψi : V ′i → Vi be such that γe(ψi(x)) = x for each x ∈ V
′
i , and
for any A ⊆ V (G′), let
ψ(A) := ψ0(A ∩ V ′0) ∪ ψ1(A ∩ V
′
1 ).
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Furthermore we denote by x′ the vertex γe(x) for all x ∈ V (G).
We make two remarks.
1. Let Q be an (x, y)-geodesic in G which passes through some vertex u.
Then Q clearly has at most one edge which is Θ-equivalent to e. Hence, by
Lemma 4.8, γe(Q) is a (x′, y′)-geodesic in G′ which passes through u′.
2. Let R := 〈x0, . . . , xp〉 be a geodesic in G′. Because G′[V ′0 ] and G
′[V ′1 ] are
isometric subgraphs of G′, there exists an (x0, xp)-geodesic R′ := 〈y0, . . . , yp〉 in
G′ such that:
• if x0, xp ∈ V ′i for some i = 0 or 1, then yj ∈ V
′
i for all j with 0 ≤ j ≤ p;
• if x0 ∈ V ′i − V
′
1−i and xp ∈ V
′
1−i − V
′
i for some i = 0 or 1, and if k is any
non-negative integer such that xk ∈ V ′0 ∩V
′
1 , then yj belongs to V
′
i or V
′
1−i with
yj = xj if xj belongs to V ′i or V
′
1−i according to whether j ≤ k or j ≥ k.
Then, by Lemma 4.8, in the first case ψi(R′) is a (ψi(x0), ψi(xp))-geodesic,
and in the second case ψi(R′[y0, yk]) ∪ ψ1−i(R′[yk, yp]) is a (ψi(x0), ψ1−i(xp))-
geodesic. It follows in particular that dG(x0, xp) = dG′(x′0, x
′
p) + ǫ with ǫ = 0
or 1 according to whether x0, xp ∈ V ′i or x0 ∈ V
′
i − V
′
1−i and xp ∈ V
′
1−i − V
′
i for
some i = 0 or 1. In each case, this geodesic in G will be denoted by Ψ(R′) in
what follows.
Note that, by the above remarks, if ab is an edge of G which is not Θ-
equivalent to e, then we clearly have IG′(UG
′
a′b′) = γe(IG(Uab)).
4.3 Local ph-homogeneity
We now introduce a property of partial cubes which is weaker than that of being
ph-homogeneous.
Definition 4.14. Let G be a partial cube, and ab an edge of G. We say that
G is ph-homogeneous in ab if UFcd and U
F
dc are ph-stable for any finite convex
subgraph F of G that contains an edge cd which is Θ-equivalent to ab.
By Proposition 3.7, a partial cube is ph-homogeneous if and only if it is ph-
homogeneous in each of its edges. Moreover, if G is ph-homogeneous in ab, then
any finite convex subgraph F of G that contains an edge cd which is Θ-equivalent
to ab is ph-homogeneous in cd.
Theorem 4.15. Let G be a partial cube, and ab one of its edges. The following
assertions are equivalent:
(i) G is ph-homogeneous in ab.
(ii) Uab and Uba are strongly ph-stable.
(iii) For any bulge X of coG(Uab) (resp. coG(Uba)), we have the properties
(HNB1) and (HNB2).
The equivalences of the assertions (i),(ii) and (iii) of Theorem 4.5 are imme-
diate consequences of the above theorem.
4.4 Proof of the equivalence (i)⇔(ii) of Theorem 4.15
We need several lemmas.
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Lemma 4.16. Let G be a partial cube which is ph-homogeneous in one of its
edges ab. Let e be an edge of G[IG(Uab)], G′ := G/e the Θ-contraction of G
with respect to the Θ-class of e, and γe the natural surjective contraction of G
onto G′. Then G′ is ph-homogeneous in the edge a′b′, where a′ := γe(a) and
b′ := γe(b).
Proof. G′ is partial cube by what we saw above. We will use the notation of
Remark 4.13.
Let F ′ be a finite convex subgraph of G′ which contains an edge Θ-equivalent
to a′b′. Without loss of generality we will suppose that a′b′ ∈ E(F ′). We will
show that UF
′
a′b′ and U
F ′
b′a′ are ph-stable. By Lemma 4.12, F := G[ψ(V (F
′))] is
a finite convex subgraph of G, and thus UFab and U
F
ba are ph-stable since G is
ph-homogeneous in ab. We have two cases:
(a) V (F ′) ∩ V ′i = ∅ for some i = 0 or 1.
Say i = 1. Then F := ψ0(F ′) is isomorphic to F ′. It follows that UF
′
a′b′ = U
F
ab
and UF
′
b′a′ = U
F
ba, and thus U
F ′
a′b′ and U
F ′
b′a′ are ph-stable.
(b) V (F ′) ∩ V ′i 6= ∅ for i = 0, 1.
By Lemma 4.12, F := G[ψ(V (F ′))] is the expansion of F ′ with respect to
(V ′0 ∩ V (F
′), V ′1 ∩ V (F
′)), and thus F ′ is the Θ-contraction of F with respect
to the Θ-class of the edge e, and the restriction γe onto V (F ) is the natural
surjective contraction of F onto F ′. Because e is Θ-equivalent to an edge of
F [IF (UFab)] and thus of F [IF (U
F
ba)], it follows that U
F ′
a′b′ and U
F ′
b′a′ are ph-stable
by Lemma 4.10.
Consequently G′ is ph-homogeneous in a′b′.
Lemma 4.17. Let G be a partial cube which is ph-homogeneous in one of its
edges ab, and u ∈ Wab which has two neighbors v and w in Uab. Then u /∈
IG(x, v) ∪ IG(x,w) for every vertex x ∈ Uab −{v, w} such that IG(u, x)∩Uab =
{x}.
Proof. The proof will be by induction on dG(u, x).
(a) Suppose that dG(u, x) = 1. Then u has three neighbors x, v, w in Uab.
Let F be the subgraph of G induced by coG(u, x, v, w, x′), where x′ is the neigh-
bor of x in Uba. Then F is a finite convex subgraph of G. Let x′, v′, w′ be
the neighbors in UFba of x, v, w, respectively. Then dF (x
′, v′) = dF (v′, w′) =
dF (w′, x′) = 2. Denote by u′ the common neighbor of x′ and w′. Suppose that
u′ and v′ are not adjacent (see Figure 4). Then dF (u′, v′) = 3, and thus any
(v′, u′)-geodesic is a geodesic of maximal length because, by Lemma 2.7, any
edge of F is Θ-equivalent to one of the edges ux, uv, uw, xx′. It follows that
u′ /∈ IF (v′, y) for some y ∈ UFba, contrary to the fact that U
F
ba is ph-stable since
G is ph-homogeneous in ab. Therefore u′ is adjacent to x′, v′, w′. Hence both
the edges u′x′ and u′w′ are Θ-equivalent to the edge vu, and thus they are
Θ-equivalent by transitivity, which is impossible. We infer that u has exactly
two neighbors in Uab.
(b) Suppose that u /∈ IG(x, v) ∪ IG(x,w) for every vertex x ∈ Uab − {v, w}
such that IG(u, x) ∩ Uab = {x} and dG(u, x) ≤ n for some positive integer n.
Let x ∈ Uab − {v, w} be such that IG(u, x) ∩ Uab = {x} and dG(u, x) = n + 1.
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Figure 4: Part (a) of the proof of Lemma 4.17.
Suppose that u ∈ IG(x, v) ∪ IG(x,w). Let e = uy where y ∈ NG(u) ∩ IG(u, x),
and let G′ := G/e be the Θ-contraction of G with respect to the Θ-class of e.
We will use the notations introduced in Remark 4.13. G′ is ph-homogeneous
in a′b′ by Lemma 4.16, and v′ and w′ are neighbors of u′ in UG
′
a′b′ . Suppose
that some vertex c ∈ IG(u, x) is adjacent to some vertex d ∈ Uab such that
the edge dc is Θ-equivalent to e. Then clearly c 6= u and d 6= x, and moreover
z ∈ IG(u, x), contrary to the hypothesis. Therefore IG(u′, x′) ∩ UG
′
a′b′ = {x
′}.
Furthermore, by Lemma 4.8, u′ ∈ IG(x′, v′) ∪ IG(x′, w′) with dG′(u′, x′) = p.
This yields to a contradiction with the induction hypothesis. Consequently
u /∈ IG(x, v) ∪ IG(x,w).
Recall that the isometric dimension of a finite partial cube G, i.e. the
least non-negative integer n such that G is an isometric subgraph of an n-cube,
coincides with the number of Θ-classes of E(G). We denote it by idim(G).
Lemma 4.18. Let G be a partial cube which is ph-homogeneous in one of its
edges ab, and P a Uab-geodesic whose length is as small as possible, and such
that any edge of G is Θ-equivalent either to ab or to an edge of P . Let v
and w be the endvertices of P , v′ and w′ the neighbors in Uba of v and w,
respectively, and let P ′ be a (v′, w′)-geodesic. Then G is equal to the cycle
C := P ∪ 〈w,w′〉 ∪ P ′ ∪ 〈v, v′〉.
Proof. The proof will be by induction on idim(G) = dG(v, w) + 1. This is clear
if dG(v, w) = 2. Suppose that this holds if dG(v, w) ≤ n for some n ≥ 2, and let
G, P and v, w be such that idim(G) = dG(v, w) + 1 = n+ 2.
(a) Let e be any edge of P , G′ := G/e the Θ-contraction of G with respect
to the Θ-class of e, and γe the natural surjective contraction of G onto G′. Then
G′ is ph-homogeneous in a′b′ by Lemma 4.16.
Denote by xv and xw the neighbors in P of v and w, respectively. We will
show that, if the edge e is Θ-equivalent to some edge xy where x is an inner
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vertex of P and y ∈ Uab − {v, w}, then e = xy and moreover it is equal to xvv
or xww. Suppose that e is distinct from xvv and xww. Then, by Lemma 4.17,
x is distinct from xv and xw . It follows that P [v, x]∪ 〈x, y〉 or P [w, x]∪ 〈x, y〉 is
a Uab-geodesic according to whether e is an edge of P [w, x] or of P [v, x]. This
yields a contradiction with the fact that P is a Uab-geodesic whose length is as
small as possible. Note that, by the properties of E(G) and the minimality of
l(P ), any Uab-geodesic Q of G has length n+1, and the above result also holds
for Q.
We deduce that γe(P ) is a UG
′
γe(a)γe(b)
-geodesic whose length is n, and thus
is as small as possible, and moreover, by Lemma 4.11, any edge of G′ is Θ-
equivalent either to γe(a)γe(b) or to an edge of γe(P ). It follows, by the induction
hypothesis, that
G′ = γe(C) = γe(P ) ∪ 〈γe(w), γe(w′)〉 ∪ γe(P ′) ∪ 〈γe(v), γe(v′)〉.
This proves in particular that γe(P ) is convex.
(b) Suppose that P is not convex. Then there exists another (v, w)-geodesic
Q. Because n ≥ 2, we can choose the edge e such that γe(P ) 6= γe(Q), contrary
to the fact that γe(P ) is convex by (a). Therefore P is convex. For the same
reason P ′ is convex.
(c) Suppose that C is not convex. Then there exists a geodesic joining a
vertex of P and a vertex of P ′ which contains an edge cd which is Θ-equivalent to
ab and distinct from the edges vv′ and ww′. Because n ≥ 2, and thus l(P ) ≥ 3,
the vertex c is not adjacent to both v and w. Hence we can choose e so that
γe(c) is distinct from γe(v) and γe(w). It follows that γe(c)γe(d) is an edge of G′
distinct from the edges γe(v)γe(v′) and γe(w)γe(w′), contrary to the fact that
G′ = C′ by (a). Therefore the cycle C is convex.
(d) Suppose now that G 6= C. Then, because a partial cube is convex, there
exists an edge xy with x ∈ V (C) and y /∈ V (C). By the properties of G, xy is
Θ-equivalent to some edge cd of G. Then y ∈ IG(d, x). Hence y ∈ V (C) since
d, x ∈ V (C) and C is convex. Consequently G = C.
Lemma 4.19. Let G be a partial cube, ab an edge of G, and P a Uab-geodesic
such that each edge of G is Θ-equivalent to some edge of P or to ab. If P is
convex, then P is a Uab-path of minimal length.
Proof. Let P = 〈v0, . . . , vn〉. Assume that P is not a Uab-path of minimal
length. It follows that there exists a vertex x ∈ Uab which is distinct from v0
and vn. Let Q = 〈x0, . . . , xp〉 be a (v0, x)-geodesic with x0 = v0 and xp = x,
and let i be the smallest integer such that xi+1 /∈ V (P ). Then xi = vi, and
the edge xixi+1 is Θ-equivalent to the edge vjvj+1 for some j > i. It follows
that xi+1 ∈ IG(vi, vj+1). Therefore there exist a (v0, vn)-geodesic which passes
through xi+1, and thus which is distinct from P , which proves that P is not
convex.
Let G be a partial cube, ab one of its edges, and u ∈ IG(Uab) − Uab. Then
any convex Uab-path that passes through u and that satisfies (SPS1) and (SPS2)
will be said to be associated with u.
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Lemma 4.20. Let G be a partial cube, ab one of its edges, and Pu a Uab-path
which is associated with some vertex u ∈ IG(Uab)−Uab. Then any Uab-geodesic
that passes through u of minimal length is equal to Pu, and thus this path is
unique.
Proof. Let Q be a Uab-geodesic which passes through u whose length is minimal
with respect to this property, and let v and w be its endvertices. By (SPS2),
Pu is a subpath of some (v, w)-geodesic. Because l(Q) ≤ l(P ), it follows that Q
has the same endvertices as Pu. Therefore Pu = Q since Pu is convex.
Because of its uniqueness, Pu is called the Uab-geodesic associated with u.
Proof of the equivalence (i)⇔(ii) of Theorem 4.15. Let G be a partial
cube, and ab one of its edges.
Necessity. Assume that G is ph-homogeneous in ab, and let u ∈ IG(Uab)−
Uab. We distinguish two cases.
Case 1. G is finite.
We proceed by induction on the isometric dimension of G to prove that, if G
is ph-homogeneous in ab, then Uab and Uba are strongly ph-stable. We clearly
have idim(G) ≥ 3. If idim(G) = 3, then we can easily prove that G is a 6-cycle,
and thus we are done. Suppose that the result is true for any partial cube which
is ph-homogeneous in one of its edge ab and whose isometric dimension is at
most n for some n ≥ 3, and let G be a partial cube of isometric dimension n+1
which is ph-homogeneous in ab. Without loss of generality we can suppose that
V (G) = IG(Uab) ∪ IG(Uba), i.e. G = Gab.
Let P be a Uab-geodesic passing through u whose length l(P ) is as small as
possible, and let v and w be its endvertices. We have two subcases.
Subcase 1.1. Assume that any edge of G is Θ-equivalent either to ab or to
an edge of P .
Suppose that P is not a Uab-path of minimal length. Then there exists a
vertex x ∈ Uab which is distinct from v and w. Because Uab is ph-stable, it
follows that u ∈ IG(x, y) for some y ∈ Uab. Hence dG(x, y) = l(P ) because
l(P ) is minimal and since any edge of G is Θ-equivalent either to ab or to an
edge of P . Let Q be an (x, y)-geodesic which passes through u. By the Interval
Property of the Cartesian product and since l(P ) is minimal, both Q[u, x] and
Q[u, y] have edges which are Θ-equivalent to edges of both P [u, v] and P [u,w].
We deduce that l(P ) ≥ 4.
We infer that there exists an edge e of P which is not Θ-equivalent to an edge
uz for some z ∈ Uab, and which is such that γe(P ) 6= γe(Q). By Lemma 4.16,
G′ := G/e is ph-homogeneous in a′b′. Hence, by the induction hypothesis,
since the isometric dimension of G′ is equal to n, there exists a UG
′
a′b′-geodesic
associated with u′. Hence γe(P ) = γe(Q), by Lemma 4.20, because γe(P ) and
γe(Q) are both UG
′
a′b′ -paths passing through u
′ of minimal length. This yields a
contradiction with the fact that γe(P ) 6= γe(Q). Consequently P is convex, and
thus, by Lemma 4.19, P is a Uab-path of minimal length.
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It follows, by Lemma 4.18, that G is the cycle P ∪ 〈w,w′〉 ∪ P ′ ∪ 〈v, v′〉,
where v′ and w′ are the neighbors in Uba of v and w, respectively, and P ′ is a
(v′, w′)-geodesic. Therefore Uab, and analogously Uba, are strongly ph-stable.
Hence G satisfies condition (ii) of Theorem 4.5.
Subcase 1.2. Assume now that some edge e = cd of G is not Θ-equivalent
to ab or to an edge of P .
(a) We first show that e is not Θ-equivalent to an edge incident to an inner
vertex of P and to a vertex in Uab. If l(P ) = 2, then we already know, by
Lemma 4.17, that v and w are the only neighbors of u in Uab. Assume now
that the length of P is greater than 2, and that some inner vertex x of P is
adjacent to some vertex y ∈ Uab. By Lemma 4.17, y coincides with v or w if x
is a neighbor of v or w, respectively. Suppose that x is not a neighbor of v or
of w, and, without loss of generality, that u ∈ V (P [v, x]). Then P [v, x] ∪ 〈x, y〉
is not a geodesic by the minimality of the length of P . It follows that the edge
xy is Θ-equivalent to some edge of P [v, x], and thus of P .
We deduce that in any case the edge e is not Θ-equivalent to an edge incident
to an inner vertex of P and to an edge in Uab.
(b) Let G′ := G/e be the Θ-contraction of G with respect to the Θ-class of
e. We will use the notations introduced in Remark 4.13. Because G = Gab by
hypothesis, the graph G′ is ph-homogeneous in a′b′. From the properties of e,
it follows that γe(P ) is a UG
′
a′b′ -geodesic whose length is the same as that of P .
By the induction hypothesis, since the isometric dimension of G′ is equal
to n, there exists a UG
′
a′b′-geodesic Pu′ which is associated with u
′. Because
γe(P ) is a (v′, w′)-geodesic which passes through u′, it follows, by (SPS2), that
there exists in G′ a (v′, w′)-geodesic Q′ which contains Pu′ as a subpath. Let Q
be a (v, w)-geodesic in G such that γe(Q) = Q′. Because any edge of Q is Θ-
equivalent to an edge of P by Lemma 2.5(iv), it follows that e is not Θ-equivalent
to an edge of Q. Moreover, by (a), e is not Θ-equivalent to an edge incident
to an inner vertex of Q and to a vertex in Uab. Finally Q is a Uab-geodesic
by the minimality of l(P ). Hence v′ and w′ are the only vertices of Q′ that
belongs to UG
′
a′b′ . Therefore Q
′ = Pu′ , and thus Pu′ = γe(P ) since Pu′ is convex.
Consequently P is convex since any geodesic in G between the endvertices of P
contains no edge Θ-equivalent to e by Lemma 2.5(iv). It remains to prove that
P satisfies (SPS1) and (SPS2). Note that, due to Lemma 4.2, it suffices to show
that P satisfies (SPS2) since Uab is ph-stable. Without loss of generality we
suppose that u, and thus any vertex of P , belongs to V0 (recall that V0 :=Wcd
if e = cd (see Remark 4.13)).
Let x, y ∈ Uab such that u ∈ IG(x, y). Then u′ ∈ IG′(x′, y′) by Re-
mark 4.13.1. By (SPS2), there exists an (x′, y′)-geodesic in G′ which contains
Pu′ as a subpath. By Remark 4.13.2, we can choose R such that, if x′, y′ ∈ V ′0 ,
then V (R) ⊆ V ′0 , or, if x
′ or y′ belongs to V ′1 , say x
′ ∈ V ′1 and thus y
′ ∈ V ′0 ,
such that R[v′, y′] ⊆ V ′0 . Then, by the conclusion of Remark 4.13.2, Ψ(R) is an
(x, y)-geodesic in G which contains P as a subpath. Hence P satisfies (SPS2).
Consequently Uab, and analogously Uba, are strongly ph-stable.
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Case 2. G is infinite.
Let c, d ∈ Uab be such that u ∈ IG(c, d). Then F := G[coG(a, b, c, d, u)] is a
finite convex subgraph of G, and thus is a ph-homogeneous in ab. By Case 1, u
lies on a convex UFab-path P of F which satisfies (SPS1) and (SPS2) in F .
Let F ′ be a finite convex subgraph of G which contains F . Then, as above,
F ′ contains a convex UF
′
ab -path P
′ which satisfies (SPS1) and (SPS2) in F ′. By
(SPS2), P ′ is a subpath of P . This implies that P = P ′ since P is also a UF
′
ab -
path. It clearly follows that P is a Uab-path which satisfies (SPS1) and (SPS2)
in G. Therefore Uab, and analogously Uba, are strongly ph-stable.
Sufficiency. Assume that Uab and Uba are strongly ph-stable. Let F be a
convex subgraph of G that contains an edge Θ-equivalent to ab. Without loss
of generality we suppose that ab is an edge of F . We will show that UFab is
ph-stable.
Let u ∈ IF (UFab). Then u ∈ IG(x, y) for some x, y ∈ U
F
ab. Because F is
convex, and thus UFab = U
G
ab ∩ V (F ) by Lemma 3.12, it follows, by (SPS2),
that the Uab-geodesic Pu associated with u is a subpath of some (x, y)-geodesic
of G, and thus of F . Therefore Pu is a UFab-geodesic. It follows, by (SPS1),
that, for every z ∈ IF (UFab), u ∈ IG(z, v) for some endvertex v of Pu, and thus
u ∈ IF (z, v) by the convexity of F . Hence UFab is ph-stable. Analogously U
F
ba is
ph-stable.
We infer that G is ph-homogeneous in ab.
4.5 Proof of the equivalence (ii)⇔(iii) of Theorem 4.15
Throughout this subsection, G is a partial cube such that Uab and Uba are strongly
ph-stable for some edge ab of G, and thus, by the equivalence of conditions (i)
and (ii) of this theorem that we have already proved, G is ph-homogeneous in
ab. Hence, by Lemma 3.4, we deduce that coG(Uab) = IG(Uab).
Lemma 4.21. Let ab be an edge of G, u ∈ IG(Uab)−Uab, Pu the Uab-geodesic
associated with u, and Pv the Uab-geodesic associated with some inner vertex v
of Pu. Then Pu = Pv.
Proof. Let x and y be the endvertices of Pu. By (SPS2), Pv is a subpath of
some (x, y)-geodesic passing through v. This (x, y)-geodesic is then Pu, because
Pu is convex. It follows that Pv = Pu since no inner vertex of Pu belongs to
Uab.
Lemma 4.22. Let ab be an edge of G, u ∈ IG(Uab)−Uab, Pu the Uab-geodesic
associated with u, and v and w the endvertices of Pu. Then, for each vertex
x ∈ Uab, v or w belongs to IG(u, x).
Proof. Let x ∈ Uab. By (SPS1), u belongs to IG(x, v) or IG(x,w), say IG(x, v).
Then, by (SPS2), Pu is a subpath of some (x, v)-geodesic. It follows that w ∈
IG(x, u).
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Lemma 4.23. Let ab be an edge of G, P the Uab-geodesic associated with
some vertex in IG(Uab) − Uab, and v and w its endvertices. Let v′ and w′ be
the neighbors in Uba of v and w, respectively, and P
′ a (v′, w′)-geodesic. Then
C := P ∪ 〈w,w′〉 ∪ P ′ ∪ 〈v′, v〉 is the unique convex cycle containing P and an
edge Θ-equivalent to ab.
Proof. By the uniqueness of P , it suffices to show that C is convex.
(a) Let R be an (u, u′)-geodesic for some u ∈ V (P ) and u′ ∈ V (P ′). Let z
and z′ be the vertices of R in Uab and Uba, respectively. Because P is associated
with u by Lemma 4.21, it follows, by (SPS1), that u ∈ IG(z, v)∪IG(z, w), say x ∈
IG(z, w). By (SPS2), P is a subpath of some (z, w)-geodesic. Hence dG(z, w) =
dG(z, v) + dG(v, w). It follows that dG(z′, w′) = dG(z′, v′) + dG(v′, w′). There-
fore, if z 6= v, and thus z′ 6= v′, then dG(u, v) < dG(u, z) and dG(u′, v′) <
dG(u′, z′), contrary to the hypothesis that R is a geodesic. Consequently z = v
and z′ = v′.
(b) Suppose that P ′ is not convex. Then there exists a vertex x of P ′, and
y, z ∈ NG(x) ∩ IG(x,w′) such that only y is a vertex of P ′. By (a), the edges
xy and xz are both Θ-equivalent to some edge of P . Hence xy and xz are
Θ-equivalent by transitivity of Θ. Therefore P ′ is convex.
We infer that C is convex.
This cycle C will be called the ab-cycle associated with some given inner
vertex of P , and thus, by Lemma 4.21, with any inner vertex of P . Note that
C ∈ C(G, ab).
Lemma 4.24. Let ab be an edge of G, and C the ab-cycle associated with some
vertex u ∈ IG(Uab) − Uab. Let cd be an edge of C. Then C is the cd-cycle
associated with any inner vertex of C −Wdc.
Proof. Denote by c′d′ the other edge of C which is Θ-equivalent to cd. Let x
be an inner vertex of C −Wba, and Px the Ucd-geodesic associated with x. By
(SPS2), Px is a subpath of some (c, c′)-geodesic. It follows that Px = C −Wdc
by the convexity of C and the fact that no inner vertex of C −Wdc belong to
Ucd. Therefore C is the cd-cycle associated with x.
Lemma 4.25. Let ab be an edge of G, u ∈ IG(Uab)−Uab, and Cu the ab-cycle
associated with u. Then Cu is gated in Gab.
Proof. (a) Let x be a vertex of Gab − Cu. Without loss of generality, we
can suppose that x ∈ V (Gab). Note that V Gab) = IG(Uab) since Uab is ph-
stable, because ph(G) ≤ 1. By (SPS1), u ∈ IG(x, v) for some endvertex v of
Pu := C −Wba. Then, by (SPS2), Pu is a subpath of some (x, v)-geodesic. If w
is the endvertex of Pu distinct from v, then w ∈ IG(x, y) for every y ∈ V (Pu).
(b) Denote by v′ and w′ the neighbors in Uba of v and w, respectively.
Analogously, for any x′ ∈ Wba, v′ or w′ belong to IG(x′, y′) for every y′ ∈
V (Cu − Pu). Then, because w ∈ IG(x, v′) ∪ IG(x,w′) since w ∈ IG(x, v) by (a),
it follows that w ∈ IG(x, y′) for every y′ ∈ V (Cu − Pu).
We infer, from (a) and (b), that w is the gate of x in Cu.
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Lemma 4.26. Let ab be an edge of G, u and v two adjacent vertices in
IG(Uab) − Uab, and Cu and Cv the ab-cycles associated with u and v, respec-
tively. Then Cu = Cv or the subgraph induced by V (Cu ∪ Cv) is isomorphic to
the prism Cu✷K2 over Cu, and moreover this subgraph is gated in Gab.
Proof. (a) Assume that Cu 6= Cv. Put Pu := Cu −Wba and Pv := Cv −Wba.
Then Pu and Pv are disjoint by Lemma 4.21. Denote by xu and yu, and xv and
yv the endvertices of Pu and Pv, respectively. By the convexity of Pu and Pv, the
paths Pu[xu, u]∪〈u, v〉, Pu[yu, u]∪〈u, v〉, Pv[xv , v]∪〈u, v〉 and Pv[yv, v]∪〈u, v〉
are geodesics.
Without loss of generality, we can suppose that v ∈ IG(xu, yv) and u ∈
IG(xv, yu). By (SPS2), there exist an (xu, xv)-geodesic Rx, and a (yu, yv)-
geodesic Ry such that Pu ∪Rx and Pv ∪Ry are (xv, yu)-geodesics, and Pv ∪Rx
and Pu∪Ry are (xu, yv)-geodesics. This straightforward implies that xu and xv
are adjacent, and that yu and yv are adjacent.
By using Lemma 4.24, and by repeating the above argument for different
edges of C, we can prove that H := G[V (Cu ∪ Cv)] = Cu✷K2.
(b) We will now show that H is gated. Let x be a vertex of Gab − H .
Without loss of generality we can suppose that dG(x,Cu) ≤ dG(x,Cv). We
will first show that dG(x,Cu) < dG(x,Cv) by induction on k := dG(x,Cu).
If k = 1 and dG(x,Cu) = dG(x,Cv), then x, ui+1 and vj are adjacent to ui
and vi+1, contrary to the fact that a partial cube contains no K2,3. Suppose
that dG(x,Cu) < dG(x,Cv) for any vertex x such that dG(x,Cu) = k for some
positive integer k. Let x be such that dG(x,Cu) = k + 1.
Put Cu = 〈u1, . . . , u2n, u1, 〉 and Cv = 〈v1, . . . , v2n, v1, 〉. By Lemma 4.25,
Cu and Cv are gated in Gab. Let ui and vj be the gates of x in Cu and Cv,
respectively. If dG(x,Cu) = dG(x,Cv), then j = i + 1 or i − 1, say j = i + 1.
Denote by y a neighbor of x in IG(x, vi+1). Suppose that dG(y, ui) = k. Then
dG(y, ui) = dg(y, vi+1). Clearly, ui and vi+1 are the gates of y in Cu and Cv,
respectively. Hence this would yield a contradiction to the induction hypothesis.
Therefore dG(y, ui) = k + 2. Then, because dG(x, ui) = dG(x, vi+1) = k + 1,
and dG(x, ui+1) = k+2 since ui is the gate of x in Cu, it follows that the edges
xy and uiui+1 are Θ-equivalent. Hence the edges xy and vivi+1 shall also be
Θ-equivalent, contrary to the fact that dG(x, vi) = k + 2 since vi is the gate of
x in Cv. Consequently dG(x,Cu) < dG(x,Cv).
With the above notation, we infer that the gate of x in Cv must be vi.
Therefore ui is the gate of x in H .
Lemma 4.27. Let ab be an edge of G, and X a bulge of coG(Uab). Then we
have the following properties:
(i) There exists a unique H ∈ Cyl(G, ab) such that X = H −Wba.
(ii) H = C✷A, where C is the ab-cycle which is associated with some vertex
of X − Uab, and A is a component of X [Uab].
(iii) H −Wab is a bulge of coG(Uba).
(iv) H is a convex subgraph of G.
This unique hypercylinder H will be denoted Cyl[X ].
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Proof. Let δ := supx∈V (X−Uab) δX(x). We distinguish two cases.
Case 1. δ > 2.
(a) We first show that the degree in X of each vertex of X −Uab is at least
equal to 3. Suppose that some vertices of X −Uab have degree 2 in X . Because
δ ≥ 3, some of these vertices, say y, is adjacent to a vertex x of X − Uab whose
degree in X is greater than 2. By Lemma 4.26, x and y belongs to a convex
1-prism Pxy := Cx✷K2, where Cx is the ab-cycle associated with x. Because a
1-prism is 3-regular, it follows that δX(y) ≥ δPxy(y) = 3, contrary to the hy-
pothesis. Therefore the degree in X of each vertex of X − Uab is at least equal
to 3.
(b) We now show that any two vertices x and y of X − Uab are vertices of
the Cartesian product of some path with the cycle Cx. Let 〈y0, . . . , yn〉 be an
(x, y)-geodesic in X − Uab with y0 = x and yn = y. We construct a sequence
x0, x1, . . . of vertices of X−Uab, and a sequence P1, P2, . . . of 1-prisms such that,
for every i ≥ 1, xi−1 and xi are adjacent vertices of Pi which do not lie in the
same cycle of Pi containing edges Θ-equivalent to ab. For each i ≥ 1, we denote
by Ci and C′i the convex cycles of Pi containing edges Θ-equivalent to ab and
such that xi ∈ V (C′i), i.e. Ci = Cxi−1 and C
′
i = Cxi .
Let x0 = y0, and let P1 = Py0y1 (with the notation of (a)). Suppose that
x0, . . . , xi and P1, . . . , Pi have already been constructed for some positive integer
i. If yn ∈ V (Pi), then we are done. Suppose that yn /∈ V (Pi). Because
〈y0, . . . , yn〉 is a geodesic, there exists p < n such that yp ∈ V (C′i) and yj /∈⋃
1≤k≤i Pk for p+1 ≤ j ≤ n. Put Pi+1 := Pypyp+1 , and let xi+1 be the neighbor
of xi which does not lie in the same cycle of Pi+1 containing edges Θ-equivalent
to ab. Then xi lies in the cycles C′i by the induction hypothesis and Ci+1
by construction. It follows that Ci+1 = C′i = Cxi because Cxi is unique by
Lemma 4.23. We deduce from the construction that Ci+1 is isomorphic to C1.
Because n is finite, yn ∈ V (Pq) for some positive integer q.
Consequently x and y are vertices of the Cartesian product Cx0✷〈x0, . . . , xq〉.
(c) We infer that, for any vertex x of X−Uab, the convex ab-cycle Cx which
is associated with x is isomorphic to Cx0 . Let AX be a component of X [Uab]
(where, from now on, we will use X [Uab] as a short notation for X [Uab∩V (X)]).
Let u ∈ V (AX). By the definition of a bulge, u is adjacent to some vertex x of
X − Uab. Then u ∈ V (Cx) by the properties of Cx.
We deduce, by what we proved above, that H := Cx✷AX is a subgraph
of G such that X = H −Wba. On the other side, H −Wab is contained in a
bulge Y of coG(Uba). As we showed for X , H ′ := C✷AY , where AY is a some
component of Y [Uba], is a subgraph of G such that Y = H ′ −Wab. Since H is
then a subgraph of H ′, and because X = H −Wba, it follows that H = H ′, and
thus Y = H −Wab. Note that this hypercylinder H is clearly unique.
(d) Suppose that H is not convex. Due to the facts that H − Wba and
H −Wab are bulges of coG(Uab) and coG(Uba), respectively, it follows that, if
R is a (V (H))-geodesic which passes through a vertex x of G −H and whose
length is as small as possible, then both its endvertices u and v belongs to Uab
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or Uba, say to Uab, and thus R is a path of Gab since this graph is convex.
Denote by u′ and v′ the unique neighbors of u and v in X − Uab. Let D be
the unique uu′-cycle associated with x. By (SPS2) there exists a (u, v)-geodesic
which contains D −Wu′u. It follows that there exists a (u′, v′)-geodesic which
contains D−Wuu′. Then any vertex y of D−Wuu′ belongs to coG(Uab) since
u′ and v′ belongs to coG(Uab). It follows that y is a vertex of the bulge X , and
thus of H . By Lemma 4.24, D is then equal to the C-fiber of H passing through
y. Hence x ∈ V (H), contrary to the hypothesis. Consequently H is convex.
Case 2. δ = 2.
Then all vertices of X − Uab have degree 2 in Gab since X is connected.
Let u be a vertex of X − Uab. Then all vertices of X − Uab belong to the ab-
cycle C associated with u. Hence X = C −Wba, and moreover C is convex by
Lemma 4.23.
On the other side, C −Wab is contained in a bulge Y of coG(Uba). Clearly
Y = C−Wab if supx∈V (Y−Uba) δY (x) = 2. Suppose that supx∈V (Y−Uba) δY (x) ≥
3. Then, by what we proved above, there exists some H ∈ Cyl(G, ab) such that
Y = H −Wab. Since C is then a subgraph of H , and because X = C −Wba, it
follows that C = H , and thus Y = C −Wab.
The following theorem shows that Peano partial cubes satisfy a property
which generalizes the facts that the convex hull of any isometric cycle of a
median graph (resp. a Peano partial cube) G is a hypercube (resp. is either
this cycle itself or a hypercube).
Theorem 4.28. The convex hull of any isometric cycle of a Peano partial cube
is a quasi-hypertorus.
Proof. Let D be an isometric cycle of a Peano partial cube G, and F the convex
hull of D in G. Without loss of generality we will suppose that G = F , and we
will show that G is a quasi-hypertorus. By Lemma 2.5(iii), G is finite, and thus
it has a semi-periphery.
(a) We first show that G is strongly semi-peripheral (see Definition 2.24).
Let ab ∈ E(G). Suppose that Wab is not a semi-periphery. Then there exists
an edge xy ∈ ∂G(Wba ∪ coG(Uab)). By Lemma 2.5(ix), xy is not Θ-equivalent
to an edge of G[Wba ∪ coG(Uab)] since this subgraph is convex. This yields a
contradiction with the fact that, because G = coG(D), any edge of G is Θ-
equivalent to an edge of D by Lemma 2.7(i), and that, since D is an isometric
cycle, any edge of D is Θ-equivalent to an edge of D[Wba] and thus to an edge
of G[Wba]. Therefore Wab is a semi-periphery, and analogously, Wba is also a
semi-periphery.
(b) We construct a sequence H0, H1, . . . of non-empty convex subgraphs
of G such that, for each non-negative integer n, Hn = Cn+1✷Hn+1, where
Cn+1 ∈ C(Hn).
Put H0 := G. Suppose that H0, . . . , Hn has already been constructed for
some non-negative integer n. Because Hn is a non-empty convex subgraph of
G, it follows that Hn is also a strongly semi-peripheral Peano partial cube.
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Suppose that WHnab is not a periphery for some ab ∈ E(Hn). Let X be a
bulge of coHn(U
Hn
ab ), andH the hypercylinder defined by Lemma 4.27 (note that
Hn is ph-homogeneous in ab). Suppose that Hn 6= H . Then there exists an edge
uv ∈ ∂Hn(V (H)) with u ∈ U
Hn
ab ∩ V (H) and v ∈ W
Hn
ab . By Lemma 2.5(ix), uv
is not Θ-equivalent to an edge of H . Let C be the cycle of H of length greater
than 4 which contains an edge Θ-equivalent to ab and which passes through
u, and let cd be an edge of C which is not Θ-equivalent to ab and such that
u ∈ WHncd . Then v /∈ coG(U
Hn
cd ) since W
H
cd is a bulge of W
Hn
cd . It follows that
WHnvu ⊂W
Hn
cd , contrary to the assumption that Hn is strongly semi-peripheral.
Therefore Hn = H . It follows that Hn = Cn+1✷Hn+1, where Cn+1 ∈ C(Hn, ab)
and Hn+1 is a component of X [U
Hn
ab ]. Then Hn+1 is a convex subgraph of Hn,
and thus it is a strongly semi-peripheral Peano partial cube since so is Hn.
H0 ⊃ H1 ⊃ . . . is a decreasing sequence of non-empty convex subgraphs of
G. Because G is finite, Hn is strongly peripheral for some non-negative integer
n. Then Hn is a hypercube by Proposition 2.25. It follows that G is a quasi-
hypertorus because G = H0 or G = C0✷ . . .✷Cn✷Hn according to whether n
is or is not equal to 0.
Proof of the equivalence (ii)⇔(iii) of Theorem 4.15. Let G be a partial
cube, and ab an edge of G.
(ii)⇒(iii): Assume that Uab and Uba are strongly ph-stable. Then G is
ph-homogeneous in ab by the equivalence (i)⇔(ii) of Theorem 4.15. Property
(HNB1) is an obvious consequence of Lemma 4.27.
We now prove that (HNB2) is satisfied. Let AX and BX be the two compo-
nents of X [Uab]. Suppose that X − Uab is not a separator of Gab. Then there
exists in Gab a cycle D of minimal length which passes through a vertex u of
AX and a vertex v of BX , such that P := D ∩ X is an (u, v)-geodesic in X ,
and Q := D − P is a non-empty path of Gab −X . Because the length of D is
minimal, it follows that D is isometric in G.
Put P = 〈u0, . . . , un〉 with u0 = u and un = v. Then, because P is a
geodesic in X , and thus in H , and since each C-fiber of H is a convex cycle of
G, and no edge of AX is Θ-equivalent to an edge of a C-fiber of H , it follows,
by Lemma 2.5(v and vii), that each edge e of P that is Θ-equivalent to an edge
of C distinct from ab is Θ-equivalent to exactly one edge of Q, and that this
edge is antipodal to e in P ∪Q. Because the length of C is at least 6, it follows
that there exists i with 0 ≤ i < n such that the edge uiui+1 of P is an edge of
a C-fiber Ci of H which is Θ-equivalent to an edge cd of Q with d 6= v. Hence
the path Q[d, v] is a path of Guiui+1 := G[coG(Uuiui+1)].
By Theorem 4.28 and the fact that G is ph-homogeneous, the convex hull
of D is a quasi-hypertorus. By the Distance Property of the Cartesian product,
there exists in coG(D) an (u, v)-geodesic in X which is the union R0 ∪ R1 of
the path R0 of some C-fiber C0 of H joining u to some vertex v′ of BX , and
a (v′, v)-geodesic R1 in BX . Let R0 := 〈r1, . . . , rp〉 with r1 = u, rp = v′ and
p ≥ 3. Let j be such that the edge rjrj+1 is Θ-equivalent to the edge uiui+1 of
P . Because p ≥ 3, there exists k with 1 ≤ k ≤ p which is distinct from j and
j + 1. Hence the vertex rk cannot be incident to an edge Θ-equivalent to the
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edge uiui+1 since C0 is a convex cycle of G. It follows that coG(D) is neither a
hypercube nor a prism T✷K2 one of whose K2-fiber is 〈ui, ui+1〉.
Therefore coG(D) is the Cartesian product of a quasi-hypertorus with some
convex cycle which passes through rk and which contains an edge Θ-equivalent
to uiui+1. By Remark 4.13.2, the only cycle which has this properties is C0.
It follows that every vertex of the path Q[d, v] belongs to a C-fiber of coG(D).
Therefore, because C0 is cycle of H , the path Q[d, v] is a path of H ∩Guiui+1 ,
and thus of X . This implies in particular that d ∈ V (X), contrary to the hy-
pothesis and the fact that d 6= v. Consequently X − Uab is a separator of Gab.
(iii)⇒(ii): Conversely, assume that G satisfies (iii). Let u ∈ coG(Uab)−Uab.
Then u is a vertex of some bulge X of coG(Uab). By (iii), there exists a convex
H ∈ Cyl(G, ab) such that X = H−Wba. Then H = C✷F , where C ∈ C(G, ab)
and F is some partial cube. Let Cu be the C-fiber of H which contains u,
and Pu := Cu − Wba. We will show that Pu has the properties (SPS1) and
(SPS2), which will implies that Uab is strongly ph-stable, and consequently that
G satisfies condition (ii) of Theorem 4.5.
(SPS1): Let x ∈ IG(Uab), and R an (x, u)-geodesic. By the definition of a
bulge, R passes through a vertex of one of the two components A0 and A1 of
X [Uab], say A0. Let v be the endvertex of Pu in A1. Then, by the properties
of the Cartesian product and the fact that X − Uab is a separator of Gab by
(HNB2), R ∪ Pu[u, v] is a geodesic, which proves that Pu satisfies (SPS1).
(SPS2): Let x, y ∈ Uab such that there exists an (x, y)-geodesic R which
passes through u. Then, by (HNB2) and the definition of a bulge, there exists
i = 0 or 1 such that R[x, u] and R[y, u] pass through some vertices zx ∈ Ai and
zy ∈ A1−i, respectively. By the properties of the Cartesian product, Pu is a
subpath of some (zx, zy)-geodesic Q. It follows that R[x, zx)∪Q∪R[zy, y] is an
(x, y)-geodesic which contains Pu as a subpath. Hence Pu satisfies (SPS2).
As we already noticed, the equivalences of the assertions (i),(ii) and (iii)
of Theorem 4.5 are immediate consequences of Theorem 4.5. In particular, it
follows that the hypercylinder defined by Lemma 4.27, and denoted by Cyl[X ],
is the hypercylinder introduced in (HNB1). In order to prove that assertion (iv)
of Theorem 4.5 is also equivalent to the other assertions of this theorem, we will
study the gated sets in a Peano partial cube.
4.6 Gated sets in Peano partial cubes
We say that a subgraph H of a graph G is Γ-closed if every convex cycle that
has at least three vertices in common with H is a cycle of H .
Proposition 4.29. Any gated subgraph is Γ-closed.
Proof. Let F be a subgraph of a graphG. Assume that F is gated. Suppose that
there is a convex cycle C = 〈x1, . . . , x2n, x1〉 of G such that |V (C ∩F )| ≥ 3 and
C * F . Without loss of generality we can suppose that C ∩ F = 〈xp, . . . , x2n〉
with 2n − p ≥ 2. Because F is convex, it follows that n < p. Let i be
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the largest integer less than or equal to (p − 1)/2. Then, because C is con-
vex, 〈x2n, x1, . . . , xi〉 and 〈xi, xi+1, . . . , xp〉 are the only (xi, x2n)-geodesic and
(xi, xp)-geodesic, respectively. It follows that xi has no gate in F , and thus that
F is not gated, contrary to the assumption.
The converse is true if G is a netlike partial cube (see [43, Theorem 6.2]).
This is generally not true if G is not netlike. However we have the following
result.
Theorem 4.30. A convex subgraph of a Peano partial cube is gated if and only
if it is Γ-closed.
Proof. The necessity is Proposition 4.29. Conversely, let F be a convex subgraph
of a Peano partial cube G. Assume that F is not gated. Then there exist a
vertex u of G − F and x, a ∈ V (F ) such that dG(u, x) = dG(u, V (F )) =: k,
dG(u, a) < dG(u, x)+dG(x, a), and k is minimal with respect to these properties
(see Figure 5). Without loss of generality we can suppose that a is chosen so
that dG(x, a) is minimal with respect to the preceding properties. Note that
dG(x, a) ≥ 2 since k = dG(u, V (F )) and G is bipartite. Also note that dG(u, x)
and dG(u, a) are greater than 1, since otherwise u would belong to V (F ) by the
convexity of F , contrary to the hypothesis u /∈ V (F ).
F
Pa
R
Px
wu = v
x
b
a
Figure 5: Illustration of the first part of the proof of Theorem 4.30.
Let Px, Pa and R be a (u, x)-geodesic, a (u, a)-geodesic and an (x, a)-
geodesic, respectively. Then R is a path of F since F is convex. By the mini-
mality of k and of dG(x, a), C := Px ∪ Pa ∪R is a cycle. If C is convex then F
is not Γ-closed because dG(x, a) ≥ 2.
Assume that C is not convex, and let b be the neighbor of a in R. By
the minimality of dG(x, a) and the fact that G is bipartite, we have dG(u, b) =
dG(u, a) + 1. Then, there is an edge vw of Px ∪ Pa which is in relation Θ
with the edge ab. Because a ∈ IG(u, b), it follows that vw /∈ E(Pa). Therefore
vw ∈ E(Px). Then
dG(v, b) = dG(w, a) = dG(w, b) + 1 = dG(v, a) + 1.
Hence v = u by the minimality of k.
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Let y be an inner vertex of the (w, b)-geodesic Q := Px[w, x] ∪R[x, b]. Sup-
pose that y ∈ Uba. Let y′ be the neighbor of y in Uab. Then y′ ∈ IG(u, y)
because the edges uw and y′y are Θ-equivalent. We distinguish two cases:
• If y ∈ V (Px[w, x] − x), then y′ /∈ F and y′ ∈ IG(u, x) ∩ IG(u, a), contrary
to the minimality of k.
• If y ∈ V (R[x, b]), then y′ ∈ IG(x, a), and thus y′ ∈ F since F is convex,
and moreover dG(u, y′) < dG(u, x) + dG(x, y′), contrary to the choice of a.
Therefore the only vertices of Q that belong to Uba are its endvertices w and b.
By what we proved above, the inner vertices of Q belong to coG(Uba)−UGba.
It follows thatQ is a path of a bulgeX of coG(Uba). BecauseG is a Peano partial
cube, there exists, by the Characterization Theorem, a convex H := Cyl[X ]. It
follows that Q is a geodesic of H −Wab. Hence the cycle C is a subgraph of H .
On the other hand, H = A✷B, where A ∈ C(G, ab) and B is a component
of X [Uba]. Because b is the only vertex of R[x, b] which belongs to Uba, it follows
that 〈a, b, c〉, where c is the neighbor of b in R[x, b], is a path of some A-fiber
Aa of H .
Suppose that Aa is a cycle of F . Then, because F is convex, it follows that
F ∩ H is the Cartesian product of A with some convex subgraph of B. Let
Ax be the A-fiber of H containing x, and let u′ be the vertex of Ax such that
dG(u, u′) = dG(u, V (Ax)). Then u′ ∈ Uab since u ∈ Uab. Because Ax is a cycle
of F , it follows that k ≤ dG(u, u′). On the other hand, by the fact that u′ 6= x
since x ∈ Uba, by the Distance Property of Cartesian product and the fact that
dG(u, x) = k by assumption, we have
dG(u, u′) < dG(u, u′) + dG(u′, x) = dG(u, x) = k,
a contradiction with the above inequality.
Therefore A is not a cycle of F . On the other hand, A is a convex cycle of
G whose three vertices a, b, c belong to F . It follows that F is not Γ-closed.
Note that a partial cube G being an isometric subgraph of some hypercube
Q, any hypercube in G is then a convex subgraph of Q, and thus is gated in G.
We now generalize [43, Corollary 6.4] stating that any convex cycle of a netlike
partial cube is gated.
We first have to characterize the finite regular Peano partial cubes. We
recall that the finite regular median graphs are the hypercubes, and that the
finite regular netlike partial cubes are the hypercubes and the even cycles. More
generally we have:
Theorem 4.31. Let G be a compact Peano partial cube. The following asser-
tions are equivalent:
(i) G is a quasi-hypertorus.
(ii) G is finite and regular.
(iii) G is strongly semi-peripheral.
Proof. The implications (i) ⇒ (ii) and (iii) are obvious.
(ii) ⇒ (i): Let G be a finite n-regular Peano partial cube. We proceed by
induction on |V (G)|. The result is obvious if |V (G)| = 1. Suppose it this is true
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if |V (G)| ≤ k for some positive integer k. Let G be such that |V (G)| = k + 1.
Because G is finite, it has a semi-periphery Wab for some ab ∈ E(G), and this
semi-periphery may be a periphery. So we distinguish two cases.
Case 1. Wab = Uab.
By Theorem 3.21, G[Uab] is ph-homogeneous since it is a convex subgraph
of G. Moreover it is (n − 1)-regular with |V (G[Uab])| ≤ k. Therefore, by
the induction hypothesis, G[Uab] is a (n − 1)-cube, or a p-prism or a p-torus
according to whether n− 1 = 2p or 2p+ 1. By the properties of partial cubes,
G = G[Uab]✷K2 because Wab = Uab. It follows that G is n-cube, or a p-torus
or a p-prism according to whether n = 2p or 2p+ 1.
Case 2. Wab 6= Uab.
Let X be a bulge of Wab, and let H := Cyl[X ]. Then H = C✷A, where
C ∈ C(G, ab) and A is a component of X [Uab]. For each x ∈ V (X) − Uab,
n = δG(x) = δH(x) = δAx(x) + 2, where Ax is the A-fiber of H containing
x. It follows that A is (n − 2)-regular, and thus H is n-regular. Consequently
G = H because G is connected and also n-regular. On the other hand A is a
convex subgraph of G, and thus is ph-homogeneous by Theorem 3.21. More-
over |V (A)| ≤ k. Hence, by the induction hypothesis, A is a (n − 2)-cube, or
a p-prism or a p-torus according to whether n − 2 = 2p or 2p + 1. It follows
that H , being the Cartesian product of C with A, is a n-cube, or a p-torus or
a p-prism according to whether n = 2p or 2p+ 1.
(iii)⇒ (i): Let G be a compact strongly semi-peripheral Peano partial cube.
Suppose that G is not a quasi-hypertorus. We construct a sequence H0, H1, . . .
of non-empty convex subgraphs of G such that, for each non-negative integer n,
Hn = Cn+1✷Hn+1, where Cn+1 ∈ C(Hn).
Put H0 := G. Suppose that H0, . . . , Hn has already been constructed for
some non-negative integer n. Because Hn is a non-empty convex subgraph of
G, it follows that Hn is also a compact strongly semi-peripheral Peano partial
cube.
Suppose that WHnab is a periphery for any ab ∈ E(Hn), that is, that Hn is
strongly peripheral. Then Hn is a hypercube by Proposition 2.25. MoreoverHn
is a finite hypercube since it contains no isometric rays by [48, Corollary 3.15]. It
follows that G is a quasi-hypertorus because G = H0 or G = C0✷ . . .✷Cn✷Hn
according to whether n is or is not equal to 0. This yields a contradiction with
the hypothesis that G is not a quasi-hypertorus.
Hence WHnab is not a periphery for some ab ∈ E(Hn). Let X be a bulge of
coHn(U
Hn
ab ), and H := Cyl[X ]. Suppose that Hn 6= H . Then there exists an
edge uv ∈ ∂Hn(V (H)) with u ∈ U
Hn
ab ∩V (H) and v ∈W
Hn
ab . By Lemma 2.5(ix),
uv is not Θ-equivalent to an edge of H . Let C be the cycle of H of length
greater than 4 which contains an edge Θ-equivalent to ab and which passes
through u, and let cd be an edge of C which is not Θ-equivalent to ab and such
that u ∈ WHncd . Then v /∈ coG(U
Hn
cd ) sinceW
H
cd is a bulge ofW
Hn
cd . It follows that
WHnvu ⊂W
Hn
cd , contrary to the assumption that Hn is strongly semi-peripheral.
Therefore Hn = H . It follows that Hn = Cn+1✷Hn+1, where Cn+1 ∈ C(Hn, ab)
46
and Hn+1 is a component of X [U
Hn
ab ]. Then Hn+1 is a convex subgraph of Hn,
and thus it is a compact strongly semi-peripheral Peano partial cube since so is
Hn.
H0 ⊃ H1 ⊃ . . . is a decreasing sequence of non-empty convex subgraphs of
G. Hence H :=
⋂
n∈NHn 6= ∅ since G is compact. Therefore G = n∈NCn✷H .
It follows that G contains the infinite convex hypertorus n∈NCn, and thus
contains an isometric ray, contrary to [48, Corollary 3.15].
Consequently G is a quasi-hypertorus.
We will give another equivalent condition later. From the above proof we
immediately infer the following corollary.
Corollary 4.32. A finite Peano partial cube is n-regular for some positive
integer n if and only if it is a n-cube, or a p-torus or a p-prism according
to whether n = 2p or 2p+ 1.
Theorem 4.33. Let G be a Peano partial cube. Then any finite convex regular
subgraph of G is gated.
Proof. Let F be a finite convex regular subgraph of G. Then F is ph-
homogeneous since it is convex. By Theorem 4.31, F is a quasi-hypertorus.
Let C be a convex cycle of G which has at least three vertices in F . If C is
a 4-cycle, then C is clearly a cycle of F since F is convex. Suppose that the
length of C is greater than 4.
Because C and F are convex, C ∪ F has at least two adjacent edges ab and
ac, and, since F is a quasi-hypertorus, at least one of them, say ab, is an edge of
some convex cycle D of F of length greater than 4. Clearly F is the Cartesian
product ofD with some regular partial cube. By the Characterization Theorem,
F −Wba is contained in a bulge X of coG(Uab), and moreover Cyl[X ] = D✷A,
where A is a component of X [Uab].
On the other hand, F also has the vertex c in common with C. Hence c
also belongs to a D-fiber Dc of H . This vertex cannot belongs to Uab, since
otherwise it would belong to a 4-cycle, contrary to the fact that C is convex and
of length greater than 4. Then c /∈ Uab. It follows that C = Dc by Remark 2 at
the beginning of the proof of Theorem 4.5 stating that each vertex of X − Uab
lies in at most one convex cycle containing an edge Θ-equivalent to ab. Hence C
is a cycle of F . Therefore F is Γ-closed, and thus gated by Theorem 4.30.
Theorem 4.34. Any faithful quasi-hypertorus of a Peano partial cube is gated.
Proof. Let F be a faithful quasi-hypertorus of a Peano partial cube G. By
Theorem 4.33, it suffices to prove that F is convex, and for that, it clearly
suffices to prove that any cycle of F of length greater than 4 that is convex
in F is also convex in G. Let C be such a cycle of F . Then C is faithful in
G since so is F . Suppose that C is not convex in G, and let C′ be its convex
hull in G. Then, by Theorem 4.28, C′ is a quasi-hypertorus. Because C 6= C′,
there exists a path 〈u, v, w〉 of C such that uv and vw are edges of different
fibers of C′. Hence, by the 4-Cycle Property of Cartesian product since C′ is
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a Cartesian product, u, v, w are vertices of exactly one 4-cycle 〈u, v, w, x, u〉 of
C′. Because C is an isometric cycle, if u′, v′, w′ are the vertices of C which are
antipodal to u, v, w, respectively, then the edges v′u′ and w′v′ are Θ-equivalent
to uv and vw, respectively, and thus to xw and ux, respectively. It follows
that x ∈ IG(v′, u) ∩ IG(v′, w) ∩ IG(u,w), and thus x is the median of the triple
(u,w, v′) of vertices of C, contrary to the facts that C is median-stable and
x /∈ V (C). Therefore C = C′.
From now on we will use the following notation. Let G be a Peano partial
cube, and ab an edge of G. We denote:
Cyl[G, ab] := {Cyl[X ] : X bulge of coG(Uab)}
Cyl[G] :=
⋃
ab∈E(G)
Cyl[G, ab].
Theorem 4.35. Let G be a Peano partial cube. Then any convex hypercylinder
of G is gated in G.
Proof. Let H be a convex hypercylinder of G. Then H = C✷A, where C ∈
C(G, ab) and A is a partial cube. By Theorem 4.30, it suffices to prove that H
is Γ-closed in G. Let D be a convex cycle of G which has at least three vertices
in common with H . If D is a 4-cycle, then D is a cycle of H since H is convex,
and then we are done. Assume that the length of D is at least 6. Because D
is convex it follows, by the Distance property of the Cartesian product, that
D ∩H is a geodesic of a C-fiber or a A-fiber of H .
Case 1. D ∩H is a geodesic of a C-fiber C0 of H .
Because C0 is a convex cycle of G, it follows by Theorem 4.33 that C0 is
gated, and thus Γ-closed. Hence D = C0, and thus D is a cycle of H .
Case 2. D ∩H is a geodesic of a A-fiber A0 of H .
Then there exists an edge ab of C such that V (D) ⊆ Wab, and A0 is one of
the two components of the bulge X of coG(Uab) such thatH = Cyl[X ]. Suppose
that V (D) * Uab. Then there exists a bulge Y of coG(Uab) which contains a
geodesic of D − X . It follows that Y is not a separator of Gab, contrary to
(HNB2). Therefore V (D) ⊆ Uab.
Because D∩A0 has at least three vertices, it contains a geodesic 〈x0, x1, x2〉
of length 2. Let Y be the bulge of coG(Ux1x0) which contains x2. Then F :=
Cyl[Y ] is the Cartesian product of D with a component B of Y [Ux1x0 ], and B
contains the C-fiber Cx2 of H passing through x2. It follows that F contains a
subgraph K isomorphic to C✷D which contains Cx2 and D. Consequently H
also contains K, and thus D is a cycle of H .
4.7 Completion of the proof of Theorem 4.5
Proof of the implications (iii)⇒(iv)⇒(v)⇒(ii) of Theorem 4.5. Let G
be a partial cube that satisfies (iii), ab an edge of G, and X a bulge of coG(Uab).
By (iii), there exist a convex H ∈ Cyl(G, ab) such that X = H −Wba. By the
equivalence of conditions (i) and (iii) of Theorem 4.5 that we already proved, G
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is ph-homogeneous. It follows that H is gated by Theorem 4.35. Therefore G
satisfies (iv).
(iv)⇒(v): Let ab be an edge of a Peano partial cube G, u ∈ IG(Uab)−Uab,
and X the bulge of coG(Uab) that contains u. By (iv), there exists a gated
H ∈ Cyl(G, ab) such that X = h −Wba. Then H is the Cartesian product of
an even cycle C of length greater than 4 with some partial cube. Denote by Cu
the C-fiber of H passing through u. Then Cu is convex in H , and thus in G
since H is convex. Hence Cu is gated by Theorem 4.33.
(v)⇒(ii): Let G be a partial cube which satisfies (v). Let ab ∈ E(G) and
u ∈ IG(Uab) − Uab. Then u lies on a gated cycle Cu ∈ C(G, ab). The Uab-path
Pu := Cu−Wba is convex since so are Cu and Wab. We will show that Pu is the
Uab-geodesic associated wit u.
In the following, for each x ∈ V (G), we denote by g(x) its gate in Cu.
Clearly g(x) belongs to Wab or Wba according to whether x belongs to Wab or
Wba, because these sets are convex. It follows that, if x ∈ Uab, and if x′ is the
neighbor of x in Uba, then we can easily prove that g(x) and g(x′) are adjacent,
which implies that g(x) ∈ Uab and g(x′) ∈ Uba.
(SPS1): Let x ∈ IG(Uab). Then g(x) ∈ V (Pu), and u ∈ IG(g(x), v) for some
endvertex v of Pu. It follows that u ∈ IG(x, v).
(SPS2): Let x, y ∈ Uab be such that u ∈ IG(x, y). Clearly u ∈ IG(g(x), g(y)).
Moreover IG(g(x), g(y)) = V (Pu) since Pu is convex and g(x) and g(y) belongs
to Uab, and thus are the endvertices of Pu. It follows that Pu is a subpath of
some (x, y)-geodesic.
Consequently Uab is strongly ph-stable.
Proof of the equivalence (i)⇔(vi) of Theorem 4.5. Necessity. Let G be
a Peano partial cube. The first part of condition (vi) is obvious by Theo-
rem 4.5(v). The second part of this condition is an immediate consequence of
Theorems 4.28 and 4.33.
Sufficiency. Let G be a partial cube which satisfies condition (vi). Let ab
be an edge of G, and u ∈ IG(Uab) − Uab. By the first part of (vi), u lies on an
isometric cycle C ∈ C(G, ab). Then, by the second part of (vi), the convex hull
F of C is a gated quasi-hypertorus of G. Because a quasi-hypertorus is a Peano
partial cube, we infer from condition (v) of Theorem 4.5 that u lies on a gated
cycle Cu ∈ C(F, ab). This cycle Cu which is gated in F is then gated in G since
F is itself gated in G.
We deduce that G is a Peano partial cube by the equivalence (i)⇔(v) of
Theorem 4.5.
4.8 Some simple consequences of Theorem 4.5
We first give two new characterizations of quasi-hypertori. We recall that the
eccentricity of a vertex x of a graph G is eG(x) := maxy∈V (G) dG(x, y), and that
a central vertex of G is a vertex of minimum eccentricity. We say that the graph
G is self-centered if all vertices of G are central. We need a preliminary result
that will be useful in the subsequent sections.
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Lemma 4.36. For each edge ab of a Peano partial cube G, there exists a unique
isomorphism φab of G[IG(Uab)] onto G[IG(Uba)] such that φab(x) is the neighbor
of x in Uba for every x ∈ Uab.
Proof. We construct φab as follows. For each x ∈ Uab, define φab(x) as the
neighbor of x in Uba. Let x ∈ IG(Uab) − Uab, and denote by Cx the ab-cycle
which is associated with x. Recall that Cx is a convex subgraph of G, and that
it is also associated with each of its vertices. Then C = 〈x1, . . . , x2n, x1〉 with
x1, xn ∈ Uab and x = xi for some i with 1 < i < n. Put φab(xi) = x2n+1−i. This
map is clearly a bijection which preserves the edges, with φ−1ab = φba. Whence
the result.
We can easily prove that φab is distance-preserving, and thus is an isometry
of G[IG(Uab)] onto G[IG(Uba)].
We now recall a result about antipodal graphs (cf. Subsection 3.1). We
denote by diam(G) the diameter of any graph G.
Proposition 4.37. (Kotzig and Lauder [34]) The Cartesian product G✷H of
two antipodal graphs is antipodal and diam(G✷H) = diam(G) + diam(H).
Theorem 4.38. Let F be a finite convex subgraph of a Peano partial cube G.
The following assertions are equivalent:
(i) F is a quasi-hypertorus.
(ii) F is antipodal.
(iii) F is self-centered.
Proof. By Theorem 3.21, F is a Peano partial cube. Then, without loss of
generality, we can assume that G is finite and that F = G.
(i) ⇒ (ii): Because K2 and any even cycle are bipartite antipodal partial
cubes, it follows, by Proposition 4.37, that any quasi-hypertorus is an antipodal
partial cube.
(ii) ⇒ (iii): Assume that G is antipodal. Then G is self-centered, because
IG(x, x) = V (G) with eG(x) = d(x, x) = diam(G) for every vertex x of G.
(iii) ⇒ (i): Assume that G is self-centered. Suppose that G is not strongly
semi-peripheral. Then, because G is finite, there exist an edge ab of G such
that Wab 6= IG(Uab), and such that, for each edge uv ∈ ∂G[Wab](IG(Uab)) with
u ∈ IG(Uab), Wvu is a semi-periphery, i.e. Wvu = IG(Uvu). Let uv be an edge
as above. Let w be a vertex of G such that dG(u,w) = eG(u).
Suppose that w ∈ Wba ∪ IG(Uab). Then, clearly, w ∈ Wba with eG(u) =
dG(u,w) ≥ dG(u, φab(u)). We cannot have v ∈ IG(u,w), since otherwise v ∈
Wba ∪ IG(Uab) because this set is convex in G, contrary to the choice of v. It
follows that
eG(v) ≥ dG(v, w) = dG(u,w) + 1 = eG(u) + 1,
contrary to the fact that G is self-centered.
Therefore w ∈Wab−IG(uab). Hence there is an edge xy ∈ ∂G[Wab](IG(Uab))
with x ∈ IG(Uab) (note that the subgraph G[Wab − IG(uab)] may have several
components). Because Uyx is ph-stable since ph(G) ≤ 1, it follows that w ∈ Uyx.
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Let w′ := φyx(w). Then w′ ∈ IG(w, u). Denote by X the bulge of IG(uab) which
contains u. By Theorem 4.5(iv), Cyl[X ] is gated. Moreover the gate of w′ in
Cyl[X ] belongs to IG(Uab) since Wyx ∪ IG(Uxy) ⊆ Wab. It follows, because G
is self-centered, that
eG(w) = eG(u) = dG(w, u) = dG(w
′, u) + 1 < dG(w
′, φab(u)) + 1 ≤ eG(w
′),
contrary to the fact that G is self-centered.
Consequently G is strongly semi-peripheral, and thus it is a quasi-hypertorus
by Theorem 4.31.
In other words we have:
Corollary 4.39. The partial cube that are both antipodal and Peano are the
quasi-hypertori.
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Figure 6: The partial cube B1.
If the quasi-hypertori are the regular finite Peano partial cubes, this not so
for regular antipodal partial cubes, as is shown in next theorem. We recall the
following result which was first proved by Kotzig and Laufer [34, Theorem 2],
then, independently, by Göbel and Veldman [23, Proposition 19].
Proposition 4.40. The Cartesian product G✷H of two graphs G and H is
antipodal if and only if both G and H are antipodal.
Theorem 4.41. For any integer n ≥ 3 there exits a n-regular antipodal partial
cube which is not a quasi-hypertorus.
Proof. For n = 3, take the cubic partial cube B1 of [12]. It is clearly antipodal
(see Figure 6), but it is not a quasi-hypertorus.
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Suppose that there is a n-regular antipodal partial cube G that is not a
quasi-hypertorus. By Proposition 4.40, the prism K2✷G is a (n + 1)-regular
antipodal partial cube since so are both K2 and G by the induction hypothesis,
but it is not a quasi-hypertorus because so is not G by the same hypothesis.
From the Characterization Theorem we deduce the following five character-
izations of netlike partial cubes.
Proposition 4.42. A partial cube G is netlike if and only if, for each edge ab
of G and any bulge X of coG(Uab), there exists a gated C ∈ C(G, ab) such that
X = C −Wba.
Proof. Necessity. Let G be a Peano partial cube, ab an edge of G, andX a bulge
of coG(Uab). Then G is ph-stable as we already saw and, by Proposition 3.27(ii),
Cyl[X ] ∈ C(G, ab).
Sufficiency. Assume that, for each edge ab of G and any bulge X of
coG(Uab), there exists a gated C ∈ C(G, ab) such that X = C −Wba. Then,
by Theorem 4.5(iv), G is ph-homogeneous, and thus ph(G) ≤ 1, and moreover
each vertex in coG(Uab) has degree 2 in G[coG(Uab). Therefore G is a Peano
partial cube by Proposition 3.27.
Proposition 4.43. A partial cube G is netlike if and only if it satisfies the
following two conditions:
(i) G is ph-homogeneous.
(ii) The convex hull of any isometric cycle of G is either this cycle itself or
a hypercube.
Proof. The necessity is clear by what we saw in Subsection 3.4. Conversely,
assume that G satisfies the conditions (i) and (ii) above. Let ab be an edge
of G, and X a bulge of coG(Uab). By Theorem 4.5(iv), there exists a gated
H ∈ Cyl(G, ab) such that X = H −Wba. If H is not a cycle, then it contains a
convex prism P over a cycle which belongs to C(G, ab). Clearly P contains an
isometric cycle C such that coP (C) = P (this a particular case of Proposition 6.3
that we will prove later). Because P is convex in G since so is H , it follows
that coP (C) = coG(C), and that C is isometric in G. Hence coG(C) is either
C itself or a hypercube by (ii), contrary to the fact that P is the prism over
a cycle of length greater than 4. Therefore H ∈ Cyl(G, ab), and thus G is a
netlike partial cube by Proposition 4.42.
Proposition 4.44. A partial cube G is netlike if and only if it satisfies the
following two conditions:
(i) For each edge ab of G, any vertex u ∈ IG(Uab)−Uab (resp. u ∈ IG(Uba)−
Uba) lies on an isometric cycle Cu ∈ C(G, ab).
(ii) The convex hull of any isometric cycle of G is gated and is either this
cycle itself or a hypercube.
The next result mimics Definition 3.18 of ph-homogeneous partial cubes.
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Proposition 4.45. A partial cube G is netlike if and only if the pre-hull number
of any finite faithful subgraph of G is at most equal to 1.
Proof. Necessity. If G is netlike then, by [44, Proposition 4.4], any faithful
subgraph of a netlike partial cube is also netlike, and thus has a pre-hull number
which is at most 1.
Sufficiency. Assume that the pre-hull number of any finite faithful subgraph
of G is at most equal to 1. Then G is a Peano partial cube since any convex
subgraph of G is faithful. Suppose that the convex hull F of some isometric cy-
cle of G is not this cycle nor a hypercube. Then F , which is a quasi-hypertorus
by the Characterization Theorem, contains a convex prism C✷K2 over a cy-
cle C = 〈c1, . . . , c2n, c1〉 of length 2n ≥ 6. Let V (K2) = {0, 1}, and let H
be the subgraph of C✷K2 induced by the set of vertices {(ci, 0) : 1 ≤ i ≤
2n} ∪ {(c1, 1), (c2, 1), (c3, 1)} (see Figure 7, where n = 3 and H is the subgraph
depicted by the thick edges and the big vertices). Then H is clearly a faithful
subgraph of C✷K2, and thus of G, because C✷K2 is convex in F , which is
itself convex in G. In the other hand, we can easily check that ph(H) = 2,
contrary to the assumption. Therefore the convex hull of any isometric cycle
of G is either this cycle itself or a hypercube. Consequently G is netlike by
Proposition 4.43.
Figure 7: A faithful subgraph of C6✷K2 whose pre-hull number is 2.
Proposition 4.46. A (finite or infinite) connected bipartite graph G is a netlike
partial cube if and only if it has the following two properties:
((i)) Every finite subgraph of G is contained in a finite convex subgraph of
G whose pre-hull number is at most 1.
((ii)) The convex hull of any isometric cycle of G is either this cycle itself
or a hypercube.
Proof. The necessity is clear by Proposition 4.43.
Conversely, let G be connected bipartite graph which has properties ((i)) and
((ii)). Note that ((i)) implies that ph(G) ≤ 1 by Proposition 3.10. Hence G is
a partial cube by Theorem 3.8. The result is then a consequence of Propo-
sition 3.27 if G is finite. Assume that G is infinite. Let ab ∈ E(G) and
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x ∈ coG(Uab) − Uab. Suppose that the degree of x in G[coG(Uab)] is greater
than 2. Then there is a finite subset A of Uab such that x and three of its
neighbors u, v, w in G[coG(Uab)] belong to coG(A). By ((i)) there exists a finite
convex subgraph F of G such that ph(F ) ≤ 1 which contains A ∪ {a, b}. ((ii))
is clearly satisfied in F due to the convexity of this subgraph. Moreover, by
Lemma 3.12, WFab = Wab ∩ V (F ) and U
F
ab = Uab ∩ V (F ). Because F is finite,
it follows that F is a netlike partial cube by Proposition 3.27. Hence the de-
gree of x in F [coF (UFab)] is 2, contrary to the fact that u, v, w ∈ coF (A) and
x ∈ coF (UFab)− U
F
ab since U
F
ab = Uab ∩ V (F ).
Therefore any vertex in coG(Uab)−Uab has degree 2 in G[coG(Uab)], that is,
G satisfies the three conditions of Proposition 3.27. Consequently G is a netlike
partial cube by this proposition.
By [1] and [43, Corollary 7.2], we clearly have:
Proposition 4.47. Let G be a Peano partial cube. The following assertions
are equivalent:
(i) G is a median graph.
(ii) The convex hull of any isometric cycle of G is a hypercube.
(iii) Any convex cycle of G is a 4-cycle.
4.9 Remarks
Remark 4.48. In conditions (iv), (v) and (vi) of the Characterization Theorem,
the term “gated” is essential and cannot be replaced by “convex”, as is shown
by the graph G defined in Remark 3.11. Recall that this graph has the following
properties:
• G is a partial cube.
• ph(G) ≤ 1.
• Gn is a convex subgraph of G such that ph(Gn) > 1 if n ≥ 1, and thus G
is not ph-homogeneous.
• For each edge ab of G, any vertex u ∈ IG(Uab)−Uab (resp. u ∈ IG(Uba)−
Uba) lies on a 6-cycle which belongs to C(G, ab).
• The isometric cycles of G are its 6-cycles, and these cycles are convex but
none of them is gated.
This graph G is not ph-homogeneous. However, we can note that the above
last two properties are analogous to assertion (vi) of the Characterization The-
orem with the substitution of convex for gated.
Remark 4.49. If a partial cube G has a pre-hull number less than or equal
to 1, then, for any edge ab of G and any vertex u ∈ IG(Uab) − Uab, there is
not necessarily an isometric cycle in C(G, ab) which passes through u. See for
example the graph in Figure 8. Note that this graph contains an isometric cycle
whose convex hull is not a quasi-hypertorus.
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Figure 8: Illustration of Remarque 4.49.
Remark 4.50. If the pre-hull number of a partial cube G is greater than 1,
then the convex hull of any isometric cycle of G may still be a gated quasi-
hypertorus, as is shown by the following example. Let G be the expansion of
Q−3 consisting of two 6-cycles having one edge uv in common, and of a vertex w
adjacent to both neighbors of v distinct from u in the union of these two cycles.
Then ph(G) = 2, but each isometric cycle of G is gated.
These three remarks give rise to the following question:
Question 4.51. Let G be a partial cube such that ph(G) ≤ 1 and such that
the convex hull of each of its isometric cycles is a gated quasi-hypertorus. Is G
a Peano partial cube? Otherwise what kind of graph is G?
4.10 Infinite quasi-hypertori
We can extend the finite concept of hypertorus in order to define infinite hyper-
tori and more generally infinite quasi-hypertori by considering Cartesian prod-
ucts of infinite families of even cycles instead of finite ones. Infinite quasi-
hypertori are Peano partial cubes since the class of these graphs is closed under
infinite Cartesian products. Note that, throughout this memoir, by a hypertorus
and a quasi-hypertorus, we always mean a finite hypertorus and a finite quasi-
hypertorus, respectively. In this subsection we will only generalize Theorem 4.34.
Theorem 4.52. Let G be a Peano partial cube. Then any faithful finite or
infinite quasi-hypertorus of G is gated.
Proof. By Theorem 4.34, we only have to consider the infinite case. Let F be
an infinite faithful quasi-hypertorus of G. Then F is convex in G by the proof
of Theorem 4.34 where we did not use the fact that F is finite.
Let C be a convex cycle of G which has at least three vertices in F =
a
i∈IFi, where
a
i∈IFi is the component of i∈IFi containing some vertex
a by the definition of the weak Cartesian product. Because C is finite, the
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set J := {j ∈ I : |prj(C ∩ F )| > 1} is finite. Then C ∩ F = C ∩ ai∈IF
′
i ,
where F ′i = Fi if i ∈ J and F
′
i = pri(C ∩ F ) otherwise. Moreover
a
i∈IF
′
i is
isomorphic to the finite quasi-hypertorus j∈JFj . Hence aj∈JF
′
i is gated by
Theorem 4.34, and thus Γ-closed. It follows that C is a cycle of ai∈IF
′
i , and
thus of F .
Therefore F is Γ-closed, and thus gated by Theorem 4.30.
Infinite quasi-hypertori are obviously regular infinite Peano partial cubes.
However, there are not the only ones. Moreover there are regular infinite Peano
partial cubes which are not even Cartesian products, such as double rays (i.e.
two-way infinite paths) and the hexagonal grid.
4.11 Compact Peano partial cubes
We complete this section with a result which will be useful in several subsequent
sections. We recall that a partial cube is said to be geodesically consistent
if the geodesic topology on V (G) coincides with the weak geodesic topology
(Subsection 2.6). Geodesically consistent partial cubes are interesting in view
of the property that they are compact if and only if they contains no isometric
rays. By [48, Proposition 4.15], any netlike partial cube, and thus any median
graph, is geodesically consistent. The following result shows that this property
also holds for all Peano partial cubes.
Theorem 4.53. Any Peano partial cube is geodesically consistent.
Proof. Let ab be an edge of some Peano partial cube G, and u ∈ coG(Uab)−Uab.
Let Pu be the Uab-geodesic associated with u, and let v and w be its endvertices.
Then, by Lemma 4.22, for any vertex x ∈ Uab v or w belongs to IG(u, x).
Therefore u cannot geodesically dominates Uab. It follows that any vertex in
coG(Uab) which geodesically dominates Uab must belong to Uab. Consequently
G is geodesically consistent by Proposition 2.13.
Consequently we have:
Corollary 4.54. A Peano partial cube is compact if and only if it contains no
isometric rays.
5 Decomposability and hyper-median partial
cubes
In this section, by generalizing the relation between median graphs and Peano
partial cubes, we introduce hyper-median partial cubes, and we deal with the
process of decomposition of hyper-median partial cubes into simpler partial
cubes. As we will see, some special triples of convex cycles, that we call tricycles,
are the cornerstone of these concepts.
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5.1 Tricycles and gated amalgams
We define a concept of tricycle that is slightly different from the one introduced
in [45].
Definition 5.1. Let G be a Peano partial cube. A triple of convex cycles of
G of length greater than 4 (resp. such that at most two of them are 4-cycles),
which intersect in one vertex and have pairwise exactly one edge in common, is
called a tricycle (resp. quasi-tricycle) of G.
See Figure 9 for an example of a quasi-tricycle. Note that a quasi-hypertorus
H contains no tricycle because any two convex cycles of length greater than 4
in H may have at most one vertex in common.
Lemma 5.2. Let G be a Peano partial cube, T = (C0, C1, C2) a quasi-tricycle
of G such that C2 is the only cycle in T of length greater than 4, and uvi the
common edge of C0 with Ci for i = 1, 2. Then T is a quasi-tricycle of some
maximal convex hypercylinder of G. Moreover T is a quasi-tricycle of the prism
C2✷〈u, v1〉.
Proof. Let X be the bulge of coG(Uuv2) in the subgraph G[coG(Uuv2) ∪Wv2u].
Then T is clearly a quasi-tricycle of H := Cyl[X ]. Moreover H contains the
prism C2✷〈u, v1〉, and T is clearly a quasi-tricycle of this prism.
u
c2
c1
b
a
C0
C2C1
Figure 9: A quasi-tricycle.
Lemma 5.3. A Peano partial cube contains no quasi-tricycle with exactly one
4-cycle.
Proof. Let (C0, C1, C2) be a quasi-tricycle of a Peano partial cube G such that
C0 is the only 4-cycle. Let ab be the common edge of C1 and C2 and, for i = 1, 2,
let aci be the common edge of Ci and C0 (see Figure 9). Let u be the antipode
of a in C0.
If u /∈ Uab, then C0 ∪ C1 ∪ C2 is contained in a bulge X of coG(Uab), and
(C0, C1, C2) is a tricycle of Cyl[X ], which is impossible.
If u ∈ Uab, then C1 ∪ 〈c1, u〉 is contained in a bulge X of coG(Uab), and thus
in Cyl[X ], which is impossible as well.
57
Those two results clearly imply [45, Lemma 2.15] stating that a netlike par-
tial cube contains no quasi-tricycle.
We will say that a graph is tricycle-free if it contains no tricycle. We now
state two of the main results of this subsection:
Theorem 5.4. Let G be a compact Peano partial cube that is not a quasi-
hypertorus. If G is tricycle-free, then G is the gated amalgam of two of its
proper subgraphs.
Theorem 5.5. A finite partial cube is a tricycle-free Peano partial cube if and
only if it is obtained by successive applications of gated amalgamations from
finite quasi-hypertori.
We recall that, for any edge ab of a partial cube G, we denote:
G−→
ab
:= G[coG(Uab) ∪Wba]
Gab := G−→ab ∩G−→ba.
Lemma 5.6. If a Peano partial cube G is tricycle-free, then the subgraphs G−→
ab
,
G−→
ba
and Gab are gated for any edge ab of G.
Proof. We will prove that G−→
ab
is gated. The proof that G−→
ba
is gated would be
analogous, and then Gab will be gated as the intersection of two gated subgraphs.
G−→
ab
is clearly convex. We will prove that it is also Γ-closed. Let C be a
convex cycle of G[Wab] whose intersection with G−→ab has at least three vertices.
Because C and G−→
ab
are convex it follows that C ∩ G−→
ab
has two adjacent edges
uv1 and uv2. If C is a 4-cycle, then C is a cycle of G−→ab since G−→ab is convex.
Assume that the length of C is greater than 4. The edges uv1 and uv2 do not
belong to a 4-cycle since C is convex. Moreover they also do not belong to a
convex cycle C′ 6= C of length greater than 4, because otherwise C and C′ would
be convex cycles that pass through v2 and contain edges Θ-equivalent to uv1,
contrary to Remark 4.13.2. In the following, we will denote by x′ the neighbor
in Uba of any x ∈ Uab. We distinguish two cases.
Case 1. At least one of the edges uv1 or uv2 is an edge of G[Uab].
Assume that uv1 ∈ E(G[Uab]). Suppose that uv2 /∈ E(G[Uab]). Then uv2 is
an edge of a bulge of IG(Uab), and thus an edge of a convex cycle C2 of length
greater than 4 having an edge Θ-equivalent to ab. Let C1 := 〈u, v1, v′1, u
′, u〉.
Then (C,C1, C2) is a quasi-tricycle of G such that C1 is a 4-cycle, which is
impossible by Lemma 5.3.
Then uv2 ∈ E(G[Uab]). Let Ci := 〈u, vi, v′i, u
′, u〉 for i = 0, 1. Then
(C,C1, C2) is a quasi-tricycle of G with two 4-cycles. Hence, by Lemma 5.2,
it is a quasi-tricycle of the prism C✷〈u, u′〉. Therefore V (C) ⊆ Uab, and thus C
is a cycle of G−→
ab
.
Case 2. uv1 and uv2 are not edges of G[Uab].
If u ∈ Uab, then there are two H1, H2 ∈ Cyl[G, ab] such that uvi is an edge
of Hi for i = 0, 1. By the properties of Hi, for i = 0, 1, there exists a convex
cycle Ci of Hi of length greater than 4 containing edges Θ-equivalent to ab,
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such that uvi is an edge of Ci. It follows that C1 and C2 contain the edge uu′.
Therefore (C,C1, C2) is a tricycle of G, contrary to the hypothesis.
Then u /∈ Uab. Hence uv1 and uv2 are edges of some elementH ofCyl[G, ab],
and thus C is a cycle ofH , and thus ofGab, becauseH is gated by Theorem 4.35.
Consequently G−→
ab
is Γ-closed, and thus gated by Theorem 4.30.
We recall that every median graph with more than two vertices is either a
Cartesian product or a gated amalgam of proper median subgraphs. In particu-
lar every finite median graph can be obtained by successive gated amalgamations
from hypercubes.
Proof of Theorem 5.4. Assume that G is 2-connected. Otherwise, G could
be decomposed via gated amalgamation along a single vertex. We denote by
Cyl+[G] the set of all subgraphs of G that are either elements of Cyl[G] or
maximal hypercubes of G. Then G =
⋃
Cyl+[G] since G is 2-connected. We
recall that, by Theorem 4.35, all elements of Cyl+[G] are gated in G. If G is
a median graph but not a hypercube, then G is the gated amalgam of two of
its proper median subgraphs. Suppose that G is not a median graph. It follows
that G contains an element of Cyl[G], say H0. We distinguish two cases.
Case 1. There exists an edge ab of G such that Wab and Wba are not
semi-peripheries.
Then, since G−→
ab
and G−→
ba
are gated by Lemma 5.6, it follows that G is the
gated amalgam of these two subgraphs.
Case 2. For every edge ab of G, Wab or Wba is a semi-periphery.
Then the elements of Cyl+[G] are pairwise non-disjoint. Indeed, if H and
H ′ are disjoint elements of Cyl+[G], and if ab is an edge of a smallest path
between H and H ′, then neither Wab nor Wba is a semi-periphery, contrary
to the assumption. Then, by Proposition 2.14 and because G is compact, the
elements of Cyl+[G] have a non-empty intersection Q.
Subcase 2.1. Q = H0 ∩H for every H ∈ Cyl
+[G] − {H0}.
Then G is the gated amalgam along Q of H0 and the subgraph induced by
the union of all the other elements of Cyl+[G].
Subcase 2.2. Q 6= H0 ∩H for some H ∈ Cyl
+[G]− {H0}.
Let ab be an edge of H0 such that a ∈ V (Q) and b ∈ V (H−Q). ThenWab is
not a semi-periphery because G[Wab] contains all the elements of Cyl
+[G] that
do not contain b. It follows that Wba is a semi-periphery by the assumption,
and thus G−→
ab
= Gab. Then G is the union of Gab and G[Wab]. Moreover G[Wab]
is convex. We will show that it is gated as well.
Suppose that there is a convex cycle C of G that has at least three vertices
in common with G[Wab] and that is not a cycle of this subgraph. Then the
length of C is greater than 4 since G[Wab] is convex, and thus C contains edges
Θ-equivalent to ab. Hence C is a convex cycle of some element H ′ of Cyl[G, ab].
Then H ′ contains Q and thus the vertex a. Let C′ be the convex cycle of
H ′ containing ab and isomorphic to C. Because G[Wab] is convex, it follows
that C′ ∩ G[Wab] is a path of length at least 2, one of whose endvertices is a.
59
Because a ∈ V (Q), and since each edge of G[Wab] is an edge of some element of
Cyl+(G[Wab]), it follows that C′∩G[Wab] = C′∩F for some F ∈ Cyl
+(G[Wab]).
Then C′ is a cycle of F since F is gated, and thus Γ-closed by Theorem 4.30,
contrary to the fact that F is a subgraph of G[Wab], and thus cannot contain
the edge ab.
Therefore G[Wab] is gated by Theorem 4.30. Furthermore Gab is gated by
Lemma 5.6 since G contains no tricycle. Consequently G is the gated amalgam
of G[Wab] and Gab.
Proposition 5.7. Let G be the gated amalgam of two partial cubes G0 and G1.
Then G is tricycle-free if and only if so are G0 and G1.
Proof. We only have to prove the sufficiency. Assume that G = G0∪G1 and that
G0 and G1 are tricycle-free. Suppose that G contains a tricycle (C0, C1, C2).
Because G0 and G1 are gated, and thus Γ-closed by Proposition 4.29, it follows
that each cycle Ci is a subgraph of G0 or G1.
Suppose that two of these cycles, say C0 and C1 are cycles of G0. Then,
by the definition of a tricycle, C2 has two edges in common with G0. Hence
C2 is also a cycle of G0, because G0 is gated, and thus Γ-closed. This yields a
contradiction with the assumption that G0 contains no tricycle.
Proof of Theorem 5.5. The necessity is a consequence of Theorem 5.4, and
the converse follows immediately from Proposition 5.7, the fact that quasi-
hypertori are tricycle-free, and the property that Cartesian multiplication dis-
tributes over gated amalgamation, viz., the Cartesian product of a graph G0
with the gated amalgams of two graphs G1 and G2 is equal to the gated amal-
gam of G0✷G1 and G0✷G2.
5.2 Hyper-median partial cubes
We recall several definitions. Let (u, v, w) be a triple of vertices of a graph G.
Then:
• a median of (u, v, w) is any element of the intersection IG(u, v)∩IG(v, w)∩
IG(w, u);
• (u, v, w) is a metric triangle if the intervals IG(u, v), IG(v, w), IG(w, u)
pairwise intersect in their common endvertices;
• a quasi-median2 of (u, v, w) is a metric triangle (x, y, z) such that
dG(u, v) = dG(u, x) + dG(x, y) + dG(y, v),
dG(v, w) = dG(v, y) + dG(y, z) + dG(z, w),
dG(w, u) = dG(w, z) + dG(z, x) + dG(x, u).
2This definition is more general than the specific notion used in the context of quasi-
median graphs where a quasi-median (x, y, z) of a triple (u, v, w) must satisfies the additional
conditions: dG(x, y) = dG(y, z) = dG(z, x) =: k and k, the size of the quasi-median, is
minimum.
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Lemma 5.8. Let (u, v, w) be a metric triangle of a Peano partial cube G. The
following assertions are equivalent:
(i) There exists an isometric cycle of G that passes through the three vertices
u, v, w.
(ii) coG(x, y, z) induces a hypertorus.
Proof. (i) ⇒ (ii) Let C be an isometric cycle of G that passes through u, v, w.
By Theorem 4.28, F := G[coG(u, v, w)] = coG(C) is a quasi-hypertorus. F is
not a hypercube, since otherwise (u, v, w) would have a median in F , and thus
in G, contrary to the fact that (u, v, w) is a metric triangle. Suppose now that
F = T✷K2 is the prism over a hypertorus T . Then each T -fiber of F contains
at least one of the vertices u, v, w. Without loss of generality, we can suppose
that u, v belong to the T -fiber T0, and w belong to the other T -fiber T1. Then
IG(u,w) and IG(v, w) contains the projection of w onto T0, contrary to the fact
that (u, v, w) is a metric triangle. Therefore F is a hypertorus.
(ii)⇒ (i) Conversely, assume that coG(x, y, z) induces a hypertorus T . Then
T is the Cartesian product of some finite family of even cycles. We will prove
the existence of an isometric cycle of G that passes through u, v, w by induction
on the number of these cycles.
This is trivial if T is a cycle. Suppose that the result holds if T is any n-
torus, for some positive integer n. Let T be an (n+1)-torus. Then T = T0✷T1,
where T0 is an n-torus and T1 is an even cycle. Clearly prTi(u, v, w) is a metric
triangle of Ti for i = 0, 1. Then, by the induction hypothesis, T0 contains an
isometric cycle C that passes through the projections on T0 of (u, v, w). Put
C = 〈x1, . . . , x2p, x1〉 and T1 = 〈c1, . . . , c2q, c1〉. Without loss of generality we
can suppose that u = (x1, c1), v = (xi, ck) and w = (xj , cl) for some i, j, k, l
with 0 < i < j < 2p and 0 < k < l < 2q. By the Distance Property of Cartesian
product, C✷T1 is an isometric subgraph of F such that idim(C✷T1) = idim(F ).
Then
D := 〈(x0, c0), . . . , (xi, c0), (xi, c1), . . . , (xi, ck), (xi+1, ck),
. . . , (xj , ck), (xj , ck+1), . . . , (xj , cl), (xj+1, cl),
. . . , (x2p, cl), (x2p, cl+1), . . . , (x2p, c2q), (x1, c1)〉
is an isometric cycle of F , and thus of G, that passes through u, v, w.
Definition 5.9. Let G be a Peano partial cube. A hyper-median of a triple
(u, v, w) of vertices of G is a quasi-median (x, y, z) of (u, v, w) that satisfies the
equivalent properties (i) and (ii) of Lemma 5.8.
Recall that a convex hypertorus is gated by Theorem 4.33.
Proposition 5.10. Let (x, y, z) be a hyper-median of a triple (u, v, w) of vertices
of a Peano partial cube G, and H := i∈ICi the hypertorus induced by the
convex hull of (x, y, z). Then:
(i) For each i ∈ I, (pri(x), pri(y), pri(z)) is a metric triangle of Ci, and
thus Ci is an even cycle of length greater than 4.
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(ii) x, y, z are the gates in H of u, v, w, respectively.
(iii) idim(H) = (dG(x, y) + dG(y, z) + dG(z, x))/2.
Proof. (i) For every i ∈ I, either (pri(x), pri(y), pri(z)) is a metric triangle of
Ci or pri(x) = pri(y) = pri(z). On the other hand, by Proposition 2.1(vii),
V (Ci) = coCi(pri(x), pri(y), pri(z)). It follows that (pri(x), pri(y), pri(z)) must
be a metric triangle of Ci, which implies that Ci cannot be a 4-cycle.
(ii) Let (x′, y′, z′) be the gates inH of u, v, w, respectively. Then (x, y, z) is a
quasi-median of (x′, y′, z′). It follows that, for every i ∈ I, because Ci is a cycle,
(pri(x), pri(y), pri(z)) must be a quasi-median of (pri(x′), pri(y′), pri(z′)), and
thus pri(x′) = pri(x), pri(y′) = pri(y) and pri(z′) = pri(z). Therefore x′ = x,
y′ = y and z′ = z.
(iii) By Lemma 2.7(i), each edge ofH is Θ-equivalent to an edge of IG(x, y)∪
IG(y, z) ∪ IG(z, x). Moreover, each geodesic between any two vertices has the
same Θ-classes of edges. Finally, for each edge ab of H , there are exactly two
pairs of vertices among x, y, z such that any geodesic between the vertices of
each of these two pairs contains an edge that is Θ-equivalent to ab. Whence the
result.
Clearly median graphs are the particular Peano partial cubes for which any
triple of vertices has a median. By generalizing this property we obtain the new
concept of hyper-median partial cubes.
Definition 5.11. A Peano partial cube all of whose triples of vertices admit a
median or a hyper-median is called a hyper-median partial cube.
Median graphs are then hyper-median partial cubes. Cellular bipartite
graphs are other examples of hyper-median partial cubes. The cellular bipartite
graphs are the graphs that can be obtained from single edges and even cycles
by successive gated amalgamations. These graphs were defined and studied by
Bandelt and Chepoi [4]. They showed in particular [4, Proposition 3] that the
cellular bipartite graphs are hyper-median partial cubes. For a cellular bipartite
graph, and more generally for a netlike partial cube, a hyper-median is a gated
cycle.
As was shown in [45], there are netlike partial cubes that are not hyper-
median. This is the case of the benzenoid graph in Figure 10 where the triple
(u, v, w) of vertices has neither a median nor a hyper-median.
We first prove the uniqueness of the median or of the hyper-median of a
triple of vertices of a hyper-median partial cube.
Lemma 5.12. Let G be a Peano partial cube such that the convex hull of any
metric triangle induces a hypertorus. Then, for any three vertices u, v, w of G,
there exists a (necessarily unique) vertex x such that
IG(u, v) ∩ IG(u,w) = IG(u, x).
Proof. Suppose the contrary, and select a triple (u, v, w) of distinct vertices of G
violating the assertion of the proposition such that dG(u, v)+dG(u,w) is as small
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Figure 10: A benzenoid graph that is not hyper-median.
as possible. Then, by the proof of [4, Proposition 2], there exist two distinct
vertices x and y such that both IG(u, x) and IG(u, y) are properly contained in
IG(u, v) ∩ IG(u,w), and such that the triples (v, x, y) and (w, x, y) are metric
triangles.
By the property of G, Hv := G[coG(v, x, y)] and Hw := G[coG(w, x, y)] are
hypertori, and more precisely gated hypertori. Let w′ be the gate of w in Hv.
Then (u, v, w′) is also a triple of vertices of G that violates the assertion of the
proposition. By the minimality of dG(u, v) + dG(u,w), it follows that w′ = w.
Hence w ∈ V (Hv), and analogously v ∈ V (Hw). By the definition of a Peano
partial cube, G is join-hull commutative. Hence w ∈ IG(v, z) and v ∈ IG(w, z′)
for some z, z′ ∈ IG(x, y). On the other hand IG(x, y) ⊆ IG(u, v)∩IG(u,w) since
any interval of a partial cube is convex, and thus z, z′ ∈ IG(u, v) ∩ IG(u,w).
Therefore
IG(u,w) ⊆ IG(u, v) ⊆ IG(u,w),
and thus v = w, contrary to the hypothesis.
Proposition 5.13. A Peano partial cube G is a hyper-median partial cube if
and only if the convex hull of any metric triangle of G induces a hypertorus.
Proof. (a) Let (u, v, w) be a metric triangle of a hyper-median partial cube G.
then (u, v, w) is clearly its own hyper-median, and thus coG(u, v, w) induces a
hypertorus.
(b) Assume that the convex hull of any metric triangle of G induces a
hypertorus. Let (u, v, w) be a triple of vertices of G, and let x, y, z be the
vertices successively determined by
IG(u, v) ∩ IG(u,w) = IG(u, x),
IG(v, x) ∩ IG(v, w) = IG(v, y),
IG(w, x) ∩ IG(w, y) = IG(w, z),
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according to Lemma 5.12. If x = y = z, then this vertex is the unique me-
dian vertex. Otherwise, the three intervals IG(x, y), IG(y, z), IG(z, x) pairwise
intersect in their common endvertices. Hence (x, y, z) is metric triangle, and
thus the convex hull of {x, y, z} induces a hypertorus H . Therefore (x, y, z) is
a hyper-median of (u, v, w). Hence G is a hyper-median partial cube.
Proposition 5.14. Let G be a Peano partial cube. If a triple of vertices of G
has a quasi-median, then this quasi-median is unique.
Proof. Assume that a triple (u, v, w) of vertices ofG has a quasi-median (x, y, z).
Then (x, y, z) satisfies the following properties:
IG(u, v) ∩ IG(u,w) = IG(u, x),
IG(v, x) ∩ IG(v, w) = IG(v, y),
IG(w, x) ∩ IG(w, y) = IG(w, z).
In order to prove the uniqueness of this quasi-median, we first note that, by
the proof of [4, Proposition 3], we have
IG(u, v) ∩ IG(v, w) = IG(v, y) and IG(u,w) ∩ IG(v, w) = IG(w, z).
Let (x′, y′, z′) be any hyper-median of (u, v, w). Then
x′ ∈ IG(u, x), y′ ∈ IG(v, y) and z′ ∈ IG(w, z).
Then, because (x′, y′, z′) is a metric triangle, it follows that x′ = x, y′ = y and
z′ = z.
Because any triple of vertices of a partial cube may have at most one median,
we immediately deduce the following result from the above proposition.
Corollary 5.15. Let G be a Peano partial cube. If a triple of vertices of G has
a median or a hyper-median, then this median or hyper-median is unique.
In the following, if a triple (u, v, w) of vertices of a Peano partial cube G has
a median (resp. a hyper-median), then this median (resp. hyper-median) will
be denoted by mG(u, v, w) (resp. hG(u, v, w)).
Corollary 5.16. Any quasi-hypertorus is a hyper-median partial cube.
Proof. Let G be a quasi-hypertorus. The result is clear if G is a hypercube.
Assume that G is not a hypercube. Let (u, v, w) be a metric triangle of G.
If G is a prism F✷K2 over a hypertorus F , then, as we saw in the proof of
Proposition 5.13, the vertices u, v, w must belong to the same F -fiber of G.
Hence, without loss of generality we can suppose that G is a hypertorus, sayG =
i∈ICi, where Ci is an even cycle for every i ∈ I, the length of Ci being greater
than 4 for at least one i ∈ I. Because the intervals IG(u, v), IG(v, w), IG(w, u)
pairwise intersect in their common endvertices, it follows that, for every i ∈ I,
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either pri(u) = pri(v) = pri(w), which is necessarily the case if Ci is a 4-
cycle, or the intervals ICi(pri(u), pri(v)), ICi (pri(v), pri(w)), ICi (pri(w), pri(u))
pairwise intersect in their common endvertices, and this is the case for at least
one i. Therefore the subgraph of Ci induced by coCi(pri(u), pri(v), pri(w)) is
either a K1 or the cycle Ci. It follows that the subgraph of G induced by
coG(u, v, w) is a hypertorus. Consequently G is a hyper-median partial cube by
Proposition 5.13.
By [45, Theorem 3.5], a netlike partial cube is hyper-median if and only if
it is tricycle-free. We will extend this result to all Peano partial cubes.
Theorem 5.17. Let G be a Peano partial cube. Then G is a hyper-median
partial cube if and only G is tricycle-free.
Proof. (a) Assume that G is a hyper-median partial cube. Suppose that G
contains a tricycle (C1, C2, C3). Then the length of each of these cycles is
greater than 4. Let a be the common vertex of these three cycles and, for every
triple (i, j, k) of elements of {1, 2, 3}, let abi be the common edge of Cj and Ck.
For i = 1, 2, 3, let ui be the antipode of a in Ci. Because of the convexity of
each of these cycles we have V (Ci) ∩ Ubja = {ui, bj} for any i 6= j.
For i 6= j, let Ci[ui, bj ] be the (ui, bj)-geodesic in Ci. We will show that Pij :=
Ci[ui, bk]∪Cj [uj , bk] is the only (ui, uj)-geodesic. Without loss of generality we
will suppose that i = 1, j = 2 and k = 3, and moreover that the length of C1 is
less than or equal to that of C2, and hence that dG1(u1, b3) ≤ dG2(u2, b3).
For i = 1, 2, because Ci is a convex cycle of length greater than 4, there
exists a bulge Xi of coG(Ub3a) such that Ci is a convex cycle of Hi := Cyl[Xi].
Clearly H1 6= H2. Hence, by the definition of bulges, u1 /∈ V (H2). It follows
that the gate x of u1 in H2 belongs to Ub3a. By the Distance Property of
the Cartesian product H2, C2 is gated in H2 and thus in G, and moreover
the gate of x, and thus of u1, in C2 belongs to Ub3a as well. Therefore the
gate of u1 in C2 is b3 because dG1(u1, b3) ≤ dG2(u2, b3) by hypothesis. Then
dG1(u1, u2) = dG1(u1, b3) + dG1(u2, b3). Therefore P12 is a (u1, u2)-geodesic.
Suppose that there exists another (u1, u2)-geodesic R distinct from P12. By
the properties of H1 and H2 and the fact that C1 and C2 are convex, it follows
that P12 and R are internally disjoint. Then, clearly, the neighbor of u1 in R
has no gate in C2, contrary to the fact that C2 is gated. Consequently P12 is
the only (u1, u2)-geodesic in G.
It follows that the intervals IG(u1, u2), IG(u2, u3), IG(u3, u1) pairwise in-
tersect in their common endvertices. On the other hand the subgraph of G
induced by coG(u1, u2, u3) contains the tricycle (C1, C2, C3), and thus cannot
be a hypertorus, contrary to Proposition 5.13 and the assumption that G is a
hyper-median partial cube.
(b) Conversely assume that G contains no tricycle. Let (u, v, w) be a metric
triangle of G. Then F := G[coG(u, v, w)] is a finite convex subgraph of G, and
thus is a Peano partial cube, that is tricycle-free since so is G by assumption.
Suppose that F is not a hypertorus. Then it is not a quasi-hypertorus by
the property of the triple (u, v, w) and the fact that quasi-hypertori are hyper-
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median partial cubes by Corollary 5.16. It follows, by Theorem 5.4, that F is
the gated amalgam of two gated subgraphs F0 and F1. Because F is induced by
the convex hull of {u, v, w}, it follows that the vertices u, v, w cannot belong to
V (Fi) for some i ∈ {0, 1}. Hence, without loss of generality, we can suppose that
u, v ∈ V (F0−F1) and w ∈ V (F1−F0). Then the gate of w in F0 must belong to
IF (w, u) ∩ IF (w, v), contrary to the hypothesis that IG(w, u) ∩ IG(w, v) = {w}.
Therefore F is a hypertorus, and consequently G is a hyper-median partial cube
by Proposition 5.13.
The following result is an immediate consequence of Theorems 5.5 and 5.17
and Corollary 5.16.
Theorem 5.18. A finite partial cube is a hyper-median partial cube if and only
if it is obtained by successive applications of gated amalgamations from finite
quasi-hypertori.
Proposition 5.19. A partial cube is hyper-median if and only if so are all its
finite convex subgraphs.
Proof. Let G be a partial cube. Assume that G is hyper-median, and let H be
one of its finite convex subgraphs. ThenH is ph-homogeneous by Theorem 3.21,
and moreoverH is tricycle-free since so is G. HenceH is a hyper-median partial-
cube by Theorem 5.17.
Conversely, assume that all finite convex subgraphs of G are hyper-median.
Then G is ph-homogeneous because the pre-hull number of any of its finite
convex subgraphs is at most 1. Moreover G is tricycle-free since otherwise any
tricycle (C1, C2, C3) of G would be a tricycle of the finite convex subgraph
coG(C1 ∪ C2 ∪ C3), contrary to the fact that this subgraph is tricycle-free by
Theorem 5.17. Therefore G is a hyper-median partial cube by this theorem.
We have the following consequence of the above theorem and proposition.
Corollary 5.20. A partial cube is a hyper-median partial cube if and only if
all its finite convex subgraphs are obtained by successive applications of gated
amalgamations from finite quasi-hypertori.
5.3 Subgraphs and operations
By Proposition 5.13 we clearly have:
Proposition 5.21. Any convex subgraph of a hyper-median partial cube is
hyper-median.
Theorem 5.22. Let G be the gated amalgam of two partial cubes G0 and G1.
Then G is a hyper-median partial cube if and only if so are G0 and G1.
Proof. The necessity is clear by Proposition 5.21 since G0 and G1 are isomorphic
to two gated subgraphs of G. Conversely, assume that G = G0 ∪ G1 where G0
and G1 are gated subgraphs of G and also hyper-median partial cubes. Then
66
G is a Peano partial cube by Theorem 3.21. Let (u, v, w) be a metric triangle
of G. Suppose that (u, v, w) is not a triple of vertices of Gi for some i = 0 or 1.
Without loss of generality suppose that u, v ∈ V (V0 − V1) and w ∈ V (V1 − V0).
Let w′ be the gate of w in G0. Then w′ ∈ IG(u,w) ∩ IG(v, w), contrary to the
fact that (u, v, w) is a metric triangle.
Therefore (u, v, w) is a metric triangle of Gi for some i = 0 or 1. Then its
convex hull in Gi, and thus in G, induces a hypertorus because Gi is hyper-
median. Hence G is a hyper-median partial cube by Proposition 5.13.
Theorem 5.23. Let G = G0✷G1 be the Cartesian product of two partial cubes
G0 and G1. Then G is a hyper-median partial cube if and only if so are G0 and
G1.
Proof. Assume that G is a hyper-median partial cube. Let Fi be a Gi-fiber of
G for some i = 0 or 1. Then Fi is a convex subgraph of G. Therefore, by
Proposition 5.21, Fi, and thus Gi, is a hyper-median partial cube.
Conversely, assume that G0 and G1 are hyper-median partial cubes. Let
(u, v, w) be a metric triangle of G. Clearly, for i = 0, 1, either pri(u) = pri(v) =
pri(w) or (pri(u), pri(v), pri(w)) is a metric triangle of Gi, and this occurs at
least for one value of i. Because Gi is a hyper-median partial cube, it fol-
lows that the convex hull of {pri(u), pri(v), pri(w)} induces either a K1 or a
hypertorus. Consequently, by the Convex Subgraph Property of the Cartesian
product, coG(u, v, w) induces a hypertorus, and thus G is a hyper-median partial
cube by Proposition 5.13.
5.4 Prime Peano partial cubes
A Peano partial cube is said to be prime if it is neither the Cartesian product
nor the gated amalgam of smaller Peano partial cubes. By Theorem 5.4, copies
of K2 and even cycles of length greater than 4 are the finite prime hyper-median
partial cubes, and thus are prime Peano partial cubes. A benzenoid graph that
is the union of three 6-cycles forming a tricycle is also a prime Peano partial
cube. All these examples are netlike partial cubes, but some finite prime Peano
partial cubes are not netlike, as is shown by the following example. Let F
be the union of two 6-cycles that have exactly one edge in common, and let
H := F✷K2 be the prism over F . Finally let G (see Figure 11) be the graph
that is obtained by adding a new 6-cycle C to H so that C and H have exactly
two edges in common in such a way that, if A and B are the two 6-cycles of
one of the two F -fibers of H , then (A,B,C) is a tricycle of G. This graph G is
clearly a Peano partial cube that is not netlike, and we can easily check that it
is prime.
5.5 The expansion procedure
In this subsection we extend to finite hyper-median partial cubes the expansion
procedure that we introduced in [45] for netlike partial cubes. We recall a result
of Chepoi:
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CBA
Figure 11: A prime Peano partial cube that is not netlike.
Proposition 5.24. (Chepoi [17, 18]) A finite graph is a partial cube if and only
if it can be obtained from K1 by a sequence of expansions.
Several theorems of this kind have been stated for different subclasses of
partial cubes, see [26]. The first one is the following theorem of Mulder for
median graphs. An expansion of a partial cube with respect to a proper cover
(V0, V1) is said to be convex if V0 ∩ V1 is convex.
Proposition 5.25. (Mulder [36]) A finite graph is a median graph if and only
if it can be obtained from K1 by a sequence of convex expansions.
For netlike partial cubes and Peano partial cubes such a result is impossible.
As we show in [45, Subsection 6], there exist netlike partial cubes such that
none of their Θ-contractions is netlike nor ph-homogeneous (see Figure 12).
Figure 12: A benzenoid graph none of whose Θ-contractions is ph-homogeneous.
We first extend the definition of strong ph-stability.
Definition 5.26. Let A be a set of vertices of some partial cube G. Then A is
said to be strongly ph-stable in G if, for any vertex u ∈ IG(A)−A, there exists
a convex A-path Pu which passes through u and which satisfies the following
two properties:
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(SPS1’) For every x ∈ IG(A), u ∈ IG(x, v) for some endvertex v of Pu.
(SPS2’) For all vertices x, y ∈ A such that u ∈ IG(x, y), Pu is a subpath of
some (x, y)-geodesic.
Definition 5.27. A proper cover (V0, V1) of a partial cube G is said to be
ph-respectful if it has the following properties:
(PHR1) V0 ∩ V1 is strongly ph-stable in G[Vi] for i = 0, 1;
(PHR2) IG(V0,∩V1) is gated.
Definition 5.28. An expansion G1 of a partial cube G with respect to a ph-
respectful proper cover of G is called a ph-respectful expansion of G.
Theorem 5.29. Any ph-respectful expansion of a hyper-median partial cube is
a hyper-median partial cube.
Proof. We use the notations about expansions introduced in 4.2. Let G1 be the
expansion of G with respect to a proper cover (V0, V1).
(a) Assume that (V0, V1) is ph-respectful. Let ab be an edge of G1. We will
distinguish three cases.
Case 1. ab = ψ0(x)ψ1(x) for some x ∈ V0 ∩ V1.
Then UG1ab = ψ0(V0 ∩ V1). Hence U
G1
ab is strongly ph-stable by (PHR1).
Case 2. There is i ∈ {0, 1} such that ab = ψi(ai)ψi(bi) for some edge
aibi ∈ E(G[Vi]) which is not Θ-equivalent to any edge of G[IG[Vi](V0 ∩ V1)].
Because the set ψ(Vi) is convex, it follows that IG1(U
G1
ab ) = ψi(IG(U
G
aibi
)).
Let ui ∈ IG(UGaibi) and u := ψi(ui). Then, clearly, a U
G1
ab -geodesic P passing
through u satisfies the properties (SPS1) and (SPS2) if and only if ψi(P ) is a
UGiaibi-geodesic which satisfies (SPS1) and (SPS2).
Therefore UG1ab is strongly ph-stable since so is U
Gi
aibi
.
Case 3. There is i ∈ {0, 1} such that ab = ψi(ai)ψi(bi) for some edge
aibi ∈ E(G[Vi]) which is Θ-equivalent to some edge of G[IG[Vi](V0 ∩ V1)].
Without loss of generality we will suppose that i = 0 and that a0b0 is an
edge of G[IG[V0](V0 ∩ V1)]. Let u ∈ IG1(U
G1
ab ). Let i = 0 or 1 be such that
u = ψi(ui) for some ui ∈ IG(UGa0b0). Denote by P the U
G
a0b0
-geodesic that is
associated with ui.
We have two subcases.
Subcase 3.1 P is a path of G[Vi].
Then, by Lemma 4.8, ψi(P ) is the U
G1
ab -geodesic that is associated with u.
Subcase 3.2 P meets Vj for j = 0, 1.
From the fact that P is convex by definition, it follows that Pi := P ∩G[Vi]
is a geodesic for i = 0; 1, and that P = P0 ∪P1. Then, by Lemma 4.8, ψ0(P0)∪
〈ψ0(x), ψ1(x)〉∪ψ1(P1), where x is the only vertex of P0∩P1, is the U
G1
ab -geodesic
that is associated with u. Note that it is convex by Corollary 4.9.
Therefore UG1ab is strongly ph-stable.
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It follows from these three cases that G1 is a Peano partial cube.
(b) Assume now that G is a hyper-median partial cube and that (V0, V1) is
a gated ph-respectful proper cover of G. By (a), G1 is a Peano partial cube.
Suppose that G1 contains a tricycle (C1, C2, C3). Let j ∈ {1, 2, 3}. The length of
Cj is greater than 4 by definition. Therefore Cj = ψ(C′j), where C
′
j is a convex
cycle of G, and thus whose vertex set cannot be contained in V0∩V1. Because G
contains no tricycle by Theorem 5.17, at least two of the cycles C′1, C
′
2, C
′
3, say
C′2, C
′
3, have a unique vertex in common. Then this vertex, say x, belongs to
V0∩V1 and is such that ψ0(x)ψ1(x) is the common edge of C2 and C3. Therefore
C′1 intersects C
′
2 and C
′
3 in two distinct edges. It follows that V (C
′
1) ⊆ Vi for
some i ∈ {0, 1}, and moreover that C′1 has at least three vertices in IG(V0∩V1).
Whence V (C′1) ⊆ Vi ∩ IG(V0 ∩ V1) since IG(V0 ∩ V1) is gated by (PHR2).
Let u be the antipode of x in C′1. Because V0 ∩ V1 is strongly ph-stable
in G[Vi] by (PHR1), there exists a (V0, V1)-geodesic P in G[Vi] that passes
through u and satisfies the properties (SPS1’) and (SPS2’). Let v2 and v3 be
the antipodes of x in C′2 and C
′
3, respectively. By (SPS1’), u ∈ IG(v2, w) for
some endvertex w of P . By (SPS2’), P is a subpath of any (v2, w)-geodesic
which passes through u. Because any (v2, u)-geodesic meets V0 ∩ V1 in v2 only,
it follows that v2 is an endvertex of P . Likely v3 is an endvertex of P , contrary
to the fact that u /∈ IG(v2, v3) since the length of C′1 is at least 6.
Consequently G1 contains no tricycle, and hence it is a hyper-median partial
cube by Theorem 5.17.
Definition 5.30. A proper cover (V0, V1) of a partial cube G is said to be
peripheral if Vi = IG[Vi](V0 ∩ V1) for some i = 0 or 1. An expansion of a partial
cube G with respect to a peripheral proper cover of G is called a peripheral
expansion of G.
We can now prove the main theorem of this subsection, which is of the same
kind of results as Chepoi’s [17], Mulder’s [36] (see Propositions 5.24 and 5.25)
and Polat [45, Theorem 6.15].
Theorem 5.31. A finite graph is a hyper-median partial cube if and only if it
can be obtained from K1 by a sequence of peripheral ph-respectful expansions.
Proof. By Theorem 5.29, we only have to prove the necessity. The proof will be
done by induction on the number of vertices of finite hyper-median partial cubes.
This is trivial if such a graph has only one vertex. Let n ≥ 1. Suppose that any
finite hyper-median partial cube with at most n vertices can be obtained from
K1 by a sequence of peripheral ph-respectful expansions. Let G be a hyper-
median partial cube having n+ 1 vertices. Because G is finite and ph(G) ≤ 1,
there exists an edge ab of G such that Wab = coG(UGab) = IG(U
G
ab).
Let H := G/ab be the Θ-contraction of G with respect to the Θ-class of
ab. Put V0 := γab(WGab) and V1 := γab(W
G
ba). Then (V0, V1) is a proper cover
of H . For simplification we will identify H with the graph obtained from G by
collapsing each edge xy which is Θ-equivalent to ab onto its endvertex y ∈ UGba.
Whence V1 =WGba, V0 ∩ V1 = U
G
ba and IG(U
G
ba) = IH[V1 ](V0 ∩ V1).
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First note that, if H is ph-homogeneous, then the proper cover (V0, V1) is
ph-respectful. Indeed, (PHR1) is a consequence of the facts that UGab and U
G
ba are
strongly ph-stable since G is ph-homogeneous, and (PHR2) is a consequence of
the fact that Gab is gated by Lemma 5.6 since G is tricycle-free by Theorem 5.17.
Moreover (V0, V1) is peripheral because V0 = γab(IG(UGab)) = IH[V0 ](V0 ∩ V1).
Now we show that H is a hyper-median partial cube. Let uv be an edge of
H . Without loss of generality we can suppose that uv is an edge of H [V1], i.e.
of G[WGba], because each edge of H [V0] is Θ-equivalent to an edge of H [V1] since
WGab = IG(U
G
ab) by the choice of ab.
Case 1. uv is Θ-equivalent to an edge of H [IH(V0 ∩ V1)].
Clearly IH(UHuv) ⊆ IH(V0 ∩ V1). Let x ∈ IH(U
H
uv), and let P be the U
G
uv-
geodesic which is associated with ψi(x) for some i such that x ∈ Vi. Because P
is convex, it has at most one edge which is Θ-equivalent with ab. Hence, because
of the convexity of P , it follows that γab(P ) is also convex and satisfies (SPS1)
and (SPS2), and thus is the UHuv-geodesic which is associated with x. Therefore
UHuv is strongly ph-stable.
Case 2. uv is Θ-equivalent to no edge of H [IH(V0 ∩ V1)].
We will show that IH(UHuv) ⊆ IG(U
G
ba). Suppose that this is not true. Then
there exist two non-adjacent vertices x, y ∈ UGba∩IH(U
H
uv) and an (x, y)-geodesic
P having only its endvertices in UGba. Let C be the ab-cycle of G which is associ-
ated to some inner vertex of P . Without loss of generality, we can suppose that
P = C−Wab. Recall that C is a convex cycle of G, and that its length is greater
than 4. Because P is a geodesic in H [IH(UHuv)], we can distinguish two subcases.
Subcase 2.1. P is a path of some bulge X of IG(UGuv).
Let H := Cyl[X ]. Then H is the Cartesian product of some uv-cycle A
and a component B of X [UGuv)]. Every vertex of P lie on some A-fiber of H ,
and P is a path of some B-fiber of H . Let P = 〈x0, . . . , xn〉 with n ≥ 2. For
0 ≥ i ≥ n, denote by Ai the A-fiber of H which passes through xi. Then
IG(UGx1x0) =
⋃
1≤i≤n V (Ai) ∪ {x
′
n}, where x
′
n is the neighbor of xn in U
G
ba.
Clearly the set UGx1x0 is not ph-stable because, for instance, if yn is a neighbor
of xn in An, then y /∈ IG(x1, z) for every z ∈ UGx1x0 , contrary to the fact that
ph(G) ≤ 1 since G is ph-homogeneous.
Subcase 2.2. P is not a path of some bulge of IG(UGuv).
Then there exist three vertices y1, y2, y3 of P such that y2 ∈ UGuv, 〈y1, y2, y3〉
is a subpath of P , and the edges y1y2 and y2y3 belong to distinct convex uv-
cycles C1 and C3 of G, respectively. Because, by Theorem 4.33, two distinct
convex, and thus gated, cycles of G cannot have more than one edge in common,
it follows that the intersections of P with C1 and C3 are 〈y1, y2〉 and 〈y2, y3〉,
respectively.
Suppose that C1 and C3 are 4-cycles, i.e. that y1, y3 ∈ UGuv, then, by
Lemma 5.2, the triple (C,C1, C3) is a quasi-tricycle of the prism C✷〈y2, y′2〉,
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where y′2 is the neighbor of y2 in U
G
vu, contrary to the hypothesis that uv is not
Θ-equivalent to an edge of H [IH(V0 ∩ V1)]. On the other hand, by Lemma 5.3,
exactly one of the cycles C1 and C3 cannot be a 4-cycle. Therefore, the length
of both C1 and C3 is greater than 4. It follows that he triple (C,C1, C3) is a
tricycle of G, contrary to the fact that G is tricycle-free by Theorem 5.17.
Consequently, IH(UHuv) = IG(U
G
uv) and moreover U
H
uv = U
G
uv. Hence U
H
uv is
strongly ph-stable since so is UGuv.
Therefore H is a Peano partial cube which clearly contains no tricycle since
G tricycle-free. Whence H is a hyper-median partial cube, and G is a peripheral
ph-respectful expansion of H .
This completes the proof since, by the induction hypothesis, H , which has
at most n vertices, can be obtained from K1 by a sequence of peripheral ph-
respectful expansions.
5.6 Bulge-regular Peano partial cubes
Among Peano partial cubes are those all of whose bulges are finite and in a
certain sense regular, such as netlike partial cubes. In this subsection we study
the decomposition of these graphs.
Definition 5.32. A Peano partial cube G is said to be bulge-regular if, for each
edge ab of G and any bulge X of coG(Uab), X is finite and all vertices of X−Uab
have the same degree in X .
Clearly, a Peano partial cube G is bulge-regular if and only if any element
of Cyl[G] is finite and regular, and thus is a finite hypertorus or the prism over
a finite hypertorus.
For example, any netlike partial cube G is bulge-regular because any convex
hypercylinder of G is an even cycle. The class of all bulge-regular Peano partial
cubes is not closed under:
• convex subgraphs: for example the hypertorus G0 := C6✷C6 contains the
Cartesian product G1 of a 6-cycle with a path of length 2 as a convex subgraph;
• retracts: for example G1 is a retract of G0;
• Cartesian products, as is shown by G1;
• gated amalgams: for example, let G2 be the prism over a 6-cycle, and G
the gated amalgam of G0 and G2 along a 6-cycle. Then, for any edge ab of the
common 6-cycle of G0 and G2, the subgraph Gab is the only bulge of coG(Uab).
Then G = Cyl[Gab], but G is not regular.
However we have the following two theorems.
Theorem 5.33. The gated amalgam of two bulge-regular Peano partial cubes
along a median graph is a bulge-regular Peano partial cube.
Proof. Let G = G0∪G1 be the gated amalgam of two of its gated subgraphs G0
and G1 that are bulge-regular ph-homogeneous and such that G01 := G0 ∩ G1
is a median graph. Then G is a Peano partial cube by Theorem 3.21. We have
to show that it is bulge-regular. Let ab ∈ E(G), G−→
ab
:= G[coG(UGab)∪W
G
ba] and
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(Gi)−→ab := Gi[coGi(U
Gi
ab ) ∪W
Gi
ba ] for i = 0, 1. We will show that any element of
Cyl[G, ab] are finite and regular.
Case 1. UGab = U
Gi
ab for some i = 0 or 1.
Then G−→
ab
= (Gi)−→ab ∪ G1−i and coG(U
G
ab) = coGi(U
Gi
ab ) since Gi is gated in
G. Hence Cyl[G, ab] = Cyl[Gi, ab], and we are done.
Case 2. UGab 6= U
Gi
ab for i = 0, 1.
Then, for i = 0, 1, Gi has an edge that is Θ-equivalent to ab. Hence G01,
which is gated in G, also has an edge Θ-equivalent to ab. Then, without loss of
generality we can suppose that ab ∈ E(G01). For any x ∈ V (G) and i = 0, 1,
we denote by gi(x) the gate of x in Gi.
Claim. For every ab ∈ E(G), x ∈ V (IGi(U
Gi
ab )) and i = 0, 1, coG(U
G
ab) =
IG(UGab) = IG0(U
G0
ab ) ∪ IG1(U
G1
ab ) and g1−i(x) ∈ U
G01
ab .
Clearly
WGab =W
G0
ab ∪W
G1
ab and U
G
ab = U
G0
ab ∪ U
G1
ab .
Let i = 0 or 1. By Corollary 3.5, coGi(U
Gi
ab ) = IGi(U
Gi
ab ). Let ui ∈ IGi(U
Gi
ab )
and w ∈ UG01ab . By Lemma 3.4 and because U
Gi
ab is ph-stable, there exists
vi ∈ U
Gi
ab such that ui ∈ IGi(w, vi). Let v
′
i be the neighbor of vi in U
Gi
ba .
Then v′i, g1−i(vi) ∈ IGi(vi, g1−i(v
′
i)) and vi, g1−i(v
′
i) ∈ IGi(v
′
i, g1−i(vi)). Hence
dGi(vi, g1−i(v
′
i)) = dGi(vi, g1−i(vi))+1 and dGi(v
′
i, g1−i(vi)) = dGi(v
′
i, g1−i(v
′
i))+
1. It follows that g1−i(vi) ∈ U
G01
ab and g1−i(v
′
i) ∈ U
G01
ba .
Because g1−i(ui) ∈ IGi(vi, w), it follows that g1−i(ui) ∈ IGi(g1−i(vi), w).
Hence g1−i(ui) ∈ U
G01
ab , since U
G01
ab is convex by Proposition 2.21 because G01
is a median graph. It follows that
IG(u0, u1) = IG0(u0, g1(u0)) ∪ IG01(g1(u0), g0(u1)) ∪ IG01(g0(u1), u1)
⊆ IG0(v0, g1(u0)) ∪ IG01(g1(u0), g0(u1)) ∪ IG01(g0(u1), v1)
⊆ IG0(U
G0
ab ) ∪ U
G01
ab ∪ IG1(U
G1
ab ) ⊆ IG0(U
G0
ab ) ∪ IG1(U
G1
ab ).
This proves the claim.
By the above claim, (Gi)−→ab = G−→ab ∩ Gi. Note that (Gi)−→ab is gated in G−→ab
because Gi is gated in G, and (Gi)−→ab and G−→ab are convex subgraphs of Gi and
G, respectively. Let X be a bulge of coG(UGab). By the claim, X ⊆ Gi for some
i = 0 or 1. It follows that Cyl[G, ab] = Cyl[G0, ab] ∪Cyl[G1, ab], and thus we
are done.
Let G = G0 ∪ G1. We will say that the intersection G0 ∩ G1 is relatively
thick (in G) if, for any i = 0, 1 and xi ∈ V (Gi −G1−i), dG(x0, x1) ≥ 3, that is,
if any (x0, x1)-geodesic contains an edge of G0 ∩ G1. In other words, G0 ∩ G1
is relatively thick if and only if NG(G0 − G1) ∩NG(G1 − G0) = ∅. If G is the
gated amalgam of G0 and G1, and if G0 ∩ G1 is relatively thick, then we will
say that G is the gated amalgam of G0 and G1 along a relatively thick graph.
Theorem 5.34. The gated amalgam of two bulge-regular Peano partial cubes
along a relatively thick graph is a bulge-regular Peano partial cube.
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Proof. Let G = G0∪G1 be the gated amalgam of two of its gated subgraphs G0
and G1 that are bulge-regular ph-homogeneous and such that G01 := G0 ∩ G1
is relatively thick. Let ab ∈ E(G). We will show that any element of Cyl[G, ab]
are finite and regular.
Case 1. UGab = U
Gi
ab for some i = 0 or 1.
This case is analogous to Case 1 in the proof of Theorem 5.33.
Case 2. UGab 6= U
Gi
ab for i = 0, 1.
As in Case 2 in the proof of Theorem 5.33, we can suppose that ab ∈ E(G01).
For any x ∈ V (G) and i = 0, 1, we denote by gi(x) the gate of x in Gi.
Claim. IG(UGab) = IG0(U
G0
ab ) ∪ IG1(U
G1
ab ).
Clearly
WGab =W
G0
ab ∪W
G1
ab and U
G
ab = U
G0
ab ∪ U
G1
ab .
Let i = 0 or 1. By Corollary 3.5, coGi(U
Gi
ab ) = IGi(U
Gi
ab ). Let ui ∈
IGi(U
Gi
ab )− IG01(U
G01
ab ). Then
IG(u0, u1) = IG0(u0, g1(u0)) ∪ IG01(g1(u0), g0(u1)) ∪ IG01(g0(u1), u1).
Moreover g1−i(ui) ∈ NG(Gi − G1−i). Suppose that g1−i(ui) /∈ U
G01
ab . Let
w ∈ UG01ab . By Lemma 3.4 and Proposition 3.20, there exists vi ∈ U
Gi
ab such that
ui ∈ IGi(w, vi). It follows that g1−i(ui) is a vertex of a bulge Xi of coGi(U
Gi
ab ),
and then a vertex of Hi := Cyl[Xi], whose intersection with Gi −G1−i is non-
empty. Then g1−i(ui) is a vertex of a convex cycle Ci of Hi of length greater
than 4 and that contains edges Θ-equivalent to ab. Because G01 is gated, and
thus Γ-closed by Theorem 4.30, Ci must be a cycle of G01. Moreover, for the
same reason, V (Hi) ⊆ NG[Gi −G1−i].
Suppose that g1(u0) and g0(u1) do not belong to U
G01
ab , and that there exists
a (g1(u0), g0(u1))-geodesic that does not meet U
G01
ab . Then C0 and C1 would be
cycles of a same bulge X of G01. Hence, for i = 0, 1, C1−i would be a cycle of
Hi, contrary to the fact that V (Hi) ∩ NG(G1−i − Gi) = ∅ by what we proved
above. Consequently, any (u0, u1)-geodesic meets U
G01
ab , which proves the claim.
It follows that Cyl[G, ab] = Cyl[G0, ab]∪Cyl[G1, ab], as in the proof of the
above theorem, and thus we are done.
By the proofs of the above two theorems, we have:
Proposition 5.35. Let G0 and G1 be two bulge-regular Peano partial cubes,
and G their gated amalgam along a median or a relatively thick graph. Then
Cyl[G] = Cyl[G0] ∪Cyl[G1].
We will now prove a result which is analogous to Theorem 5.4.
Theorem 5.36. Let G be a compact bulge-regular hyper-median partial cube
that is not a quasi-hypertorus. Then G is the gated amalgam along a median or
a relative thick graph of two of its proper subgraphs.
Lemma 5.37. Let G be a bulge-regular Peano partial cube. Then H0 ∩H1 is a
hypercube for all H0, H1 ∈ Cyl
+[G].
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Proof. This is obvious if H0 and H1 are hypercubes. Assume that H0 is not
a hypercube, and let C be a convex cycle of H0 of length greater than 4. If
H1 contains two edges of C, then C ⊆ H1 since H1 is gated by Theorem 4.35.
Hence H1 = Cyl[G, ab] = H0 for any edge ab of C. Therefore, if H1 6= H0, then
H1 contains at most one edge of each convex cycle of H0 of length greater than
4. It clearly follows that H0 ∩H1 is a hypercube.
Proof of Theorem 5.36. By Theorem 5.17 and the fact that G is compact,
G is a tricycle-free Peano partial cube. We will then only complete the proof of
Theorem 5.4 without recalling it.
Case 1 : In this case, G is the gated amalgam of G−→
ab
and G−→
ba
overGab. Then
we are done because the graph Gab is relatively thick since any path between
a vertex in Wab and a vertex in Wba contains an edge Θ-equivalent to ab, and
thus which belongs to E(Gab).
Subcase 2.1 : In this case, Q is a hypercube by Lemma 5.37, and thus a
median graph. Hence we are done.
Subcase 2.2 : In this case, G is the gated amalgam of G[Wab] and Gab. It
remains to prove that Gab∩G[Wab] is a median graph. By Proposition 5.21, as a
gated, and thus convex, subgraph of G, Gab ∩G[Wab] is a hyper-median partial
cube. Then, by Proposition 4.47, it is sufficient to show that any convex cycle
of Gab∩G[Wab] is a 4-cycle. Suppose that Gab∩G[Wab] contains a convex cycle
C of length greater than 4. Then C is a convex cycle of two distinct elements
of Cyl[G], which is impossible by Lemma 5.37. Therefore Gab ∩ G[Wab] is a
median graph.
Consequently, in any case, G is decomposable along a median or a relatively
thick graph.
The following result is an immediate consequence of Theorems 5.18 and 5.36.
Theorem 5.38. A finite partial cube is a bulge-regular hyper-median partial
cube if and only if it is is obtained from finite quasi-hypertori by successive
applications of gated amalgamations along median or relative thick graphs.
6 Retracts and convex subgraphs
Retracts have been one the basic topics of metric graph theory, for example in
the study of absolute retracts, and of varieties of graphs – that is, classes of
graphs closed under retracts and products – and also to obtain fixed subgraph
theorems in several classes of metric graphs. In this section, we first prove that
the class of Peano partial cubes is closed under retracts. Any retract of a partial
cube G is a faithful subgraph of G, but the converse is generally not true, except
for some special partial cubes, such as netlike ones. If, moreover, G is a Peano
partial cube, then any retract of G preserves not only the medians, but also
the hyper-medians, and thus is what we call a “strongly faithful” partial cube.
However the converse is still not true.
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6.1 Principal cycles of an antipodal partial cube
We first recall some results about bipartite antipodal graphs (cf. Subsections 3.1
and 4.8).
Definition 6.1. An isometric cycle C of a bipartite antipodal graph G is called
principal if α(C) = C, where α : x 7→ x, x ∈ V (G), is the antipodal map of G.
Principal cycles always exist; indeed, any geodesic in G lies on a principal
cycle. Moreover, we have:
Proposition 6.2. (Glivjak, Kotzig and Plesnik [22, Theorem 3]) An isometric
cycle C of a bipartite antipodal graph G is principal if and only if diam(C) =
diam(G).
We call the smallest median-stable subgraph F of a partial cube G which
contains a subgraphH of G the median-closure ofH . Such a subgraph F always
exists, and moreover F is finite if so is H , because F is a subgraph of the convex
hull of H , which is finite by Lemma 2.5(iii).
Proposition 6.3. (Polat [52, Theorem 5.5]) Let C be an isometric cycle of an
antipodal partial cube G. The following assertions are equivalent:
(i) C is a principal cycle of G.
(ii) diam(C) = diam(G).
(iii) idim(C) = idim(G).
(iv) IG(C) = G.
(v) The convex hull of C is G.
(vi) The median-closure of C is G.
We will need this proposition in the proofs of several results dealing with
quasi-hypertori.
6.2 Retracts of Peano partial cubes
We recall that, if G and H are two graphs, then a map f : V (G) → V (H) is a
contraction (weak homomorphism in [24]) if f is a non-expansive map between
the metric spaces (V (G), dG) and (V (H), dH), i.e. dH(f(x), f(y)) ≤ dG(x, y)
for all x, y ∈ V (G). A contraction f of G onto one of its induced subgraphs H of
G is a retraction, and H is a retract (weak retract in [24]) of G, if its restriction
to V (H) is the identity.
We know that the class of median graphs and that of netlike partial cubes
[44, Theorem 3.1] are closed under retracts. The aim of this subsection is the
proof of the following theorem.
Theorem 6.4. The class of Peano partial cubes is closed under retracts.
Actually we will prove a stronger result (Proposition 6.6) which will be es-
sential in Section 7. For a self-contraction f of a graph G and x ∈ V (G) we
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set:
[x]f := {f
n(x) : n ≥ 0}
V (G)f := {x ∈ V (G) : fn(x) = x for some n > 0}
Gf := G[V (G)f ].
By [49, Propositions 3.9, 3.11 and 3.12], we have:
Lemma 6.5. Let f be a self-contraction of a partial cube G. Then Gf is a
non-empty faithful subgraph of G whose vertex set is a closed subset of V (G).
Proposition 6.6. Let f be a self-contraction of a Peano partial cube G. Then
Gf is a Peano Partial cube.
Proof. We already know that Gf is faithful in G. We show that Gf has the
Peano Property. Let (u, v, w, v′, x) be a 5-tuple of vertices of Gf such that
v′ ∈ IGf (u,w) and x ∈ IGf (v, v
′). Because Gf is an isometric subgraph of
G, it follows that v′ ∈ IG(u,w) and x ∈ IG(v, v′). Hence x ∈ IG(u, u′) for
some vertex u′ ∈ IG(v, w), since G has the Peano Property by Theorem 3.24.
Because the interval IG(v, w) is finite, there exist two positive integers n < m
such that fn(u′) = fm(u′). Put u′′ := fn(u′) and p := m− n. Then fp(u′′) =
u′′. Therefore u′′ ∈ V (Gf ), and more precisely u′′ ∈ IGf (f
p(v), fp(w)), and
fp(x) ∈ IGf (f
p(u), u′′). Because the intervals of G and thus of Gf are finite,
there exists a positive integer q such that f q(y) = y for all y ∈ IGf (u, v) ∪
IGf (v, w)∪IGf (w, u)∪IGf (v, v
′). It follows that fpq(y) = y for all y ∈ IGf (u, v)∪
IGf (v, w)∪ IGf (w, u)∪ IGf (v, v
′)∪ IGf (u, u
′′). This implies that u′′ ∈ IGf (v, w)
and x ∈ IGf (u, u
′′), which proves that Gf has the Peano Property, and thus is
a Peano partial cube.
Proof of Theorem 6.4. Let f be a retraction of a Peano partial cube G onto
some subgraph F . Clearly F = Gf . Hence F is a Peano partial cube by
Proposition 6.6.
We complete this subsection by three particular results.
Proposition 6.7. Let C be an isometric cycle of some quasi-hypertorus G such
that idim(C) = idim(G). Then any retract of G that contains C is equal to G.
Proof. Let F be a retract of G which contains C. Then F is clearly median-
stable. It follows that F contains the median-closure of C since C is a subgraph
of F . Hence F = G by Proposition 6.3.
Proposition 6.8. Let G = T✷K2 be the prism over a hypertorus T , and let T0
and T1 be the two T -fibers of G, and u a vertex of T1. Then:
(i) IG(T0 ∪ 〈u〉) = G.
(ii) Any retract of G that contains T0 ∪ 〈u〉 is equal to G.
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Proof. (i) is a simple consequence of the Interval Property of the Cartesian
product.
(ii) Let F be a retract of G that contains T0∪〈u〉. Suppose that idim(T ) = d.
Then idim(G) = d + 1. Let 〈x1, . . . , x2d, x1〉 be an isometric cycle of T , and
V (K2) = {0, 1}. Suppose that F 6= G. Because F ∩ T1 6= ∅, there exist
1 ≤ i < j ≤ 2d + 1 such that x2d+1 := x1 and (xk, 1) ∈ F if and only if
k = i or j. Then f(xk, 1) = (xk−1, 0) for i + 1 ≤ k < j, which is impossible
since (xj , 1) = f(xj , 1) is adjacent to (xj−1, 1) but not to (xj−2, 0) = f(xj−1, 1).
Therefore F = G.
Proposition 6.9. Let G = C✷P , where C ∈ C and P is a path. Let ab be an
edge of some C-fiber of G, u, v ∈ Uab such that dG(u, v) = idim(G) − 1, R a
(u, v)-geodesic and R′ a (u′, v′)-geodesic, where u′ and v′ are the neighbors in
Uba of u and v, respectively, and D := R ∪ 〈v, v′〉 ∪R′ ∪ 〈u′, u〉. Then:
(i) IG(D) = G.
(ii) Any retract of G that contains D is equal to G.
Proof. D is a cycle of G with idim(D) = idim(G). The results are then conse-
quences of Propositions 6.3 and 6.7, respectively, if D is isometric in G, which
is possible only if the length of P is at most 1. Assume that D is not an iso-
metric cycle of G. Put P = 〈0, . . . , p〉 for some non-negative integer p, and
C = 〈c1, . . . , c2n〉 for some positive integer n. Then idim(G) = idim(D) = p+n.
For 0 ≤ i ≤ n, denote by Ci the C-fiber of G whose projection on P is i. Note
that, by the properties of R and R′, for all 1 ≤ j ≤ 2n and 0 ≤ i ≤ p, the sets
V (D)∩WCi(cj ,i)(cj+1,i) and V (D)∩W
Ci
(cj+1,i)(cj ,i)
(with c2n+1 := c1) are non-empty.
(i): Without loss of generality, we can suppose that u = (c1, 0). Then v =
(xn, p) since V (R) ⊆ Wab and dG(u, v) = idim(G) − 1, and thus v′ = (xn+1, p)
and u′ = (x2n, 0). For j with 1 ≤ j ≤ 2n. If j ≤ n (resp. n < j ≤ 2n), the path
R (resp. R′) contains exactly one edge that is Θ-equivalent to the edge xj−1xj .
Hence, by the Interval Property of the Cartesian product, (x1, 0), . . . , (xj , 0) ∈
IG(D) or (xj−1, 0), . . . , (x2n, 0), (x1, 0) ∈ IG(D) according to whether j ≤ n or
i > n. Therefore V (C0) ⊆ IG(D), and for analogous reasons V (Ci) ⊆ IG(D)
for 0 ≤ i ≤ p since D meets each Ci. Consequently IG(D) = G.
(ii): Let F be a retract of G that contains D, and f a retraction of G onto
F . Suppose that F 6= G. Then the restriction of f to Ci is not the identity for
some i with 0 ≤ i ≤ p.
Suppose that f(Ci) * Ci. Then there exists 1 ≤ j < k ≤ 2n with k − j ≥ 2
such that, f(cl, i) = (cl, i) for l = j, k and f(cl, i) /∈ V (Ci) for j < l < k. This
is clearly impossible since f would map the path 〈(cj , i), . . . , (ck, i)〉 of length
k − j onto a path of length at least k − j + 2.
It follows that f(Ci) ⊆ Ci. Because f(Ci) 6= Ci by hypothesis, there exist
j, k with 1 < j + 1 < k ≤ 2n such that f(cj , i) = (ck, i). Because the paths
〈(cj , 0), . . . , (cj , n)〉 and 〈(ck, 0), . . . , (ck, n)〉 are P -fibers of G, it follows that
f(cj , q) = (ck, q) for every q with 0 ≤ q ≤ p, contrary to the fact that (cj , q) ∈
V (D) for at least one q, and thus f(cj, q) = (cj , q) since D is a cycle of F .
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Therefore the restriction of f to Ci is the identity for every i, and thus
F = G.
Theorem 6.10. Any retract of a hyper-median partial cube is a hyper-median
partial cube.
Proof. Let G be a hyper-median partial cube, and f a retraction of G onto one
of its proper subgraph F . Then, by Theorem 6.4, F is a Peano partial cube,
and moreover an isometric subgraph of G. Suppose that F contains a tricycle
(C0, C1, C2). Let i = 0, 1, 2. Then Ci is convex in F , and thus isometric in G.
Because G is a Peano partial cube, it follows that the convex hull C′i of Ci in G is
a quasi-hypertorus such that f(C′i) = Ci. Therefore C
′
i = Ci by Proposition 6.7.
It follows that (C0, C1, C2) is a tricycle of G, contrary, by Theorem 5.17, to the
fact that a hyper-median partial cube is tricycle-free. Consequently F contains
no tricycle. Therefore F is hyper-median by Theorem 5.17.
From Theorems 3.21 and 6.4 and Theorems 5.23 and 6.10, respectively, we
infer the following result.
Theorem 6.11. The class of Peano partial cubes and that of hyper-median
partial cubes are varieties.
6.3 Cycle-representative subgraphs and moorings
In this subsection we prove a result (Theorem 6.19) which will be useful to
obtain the main result of Subsection 6.4. The following concept, essentially due
to Tardif [60], was initially defined for median graphs.
Definition 6.12. Let F be a gated subgraph of a Peano partial cube G. A self-
contraction f of G is a mooring of G on F if uf(u) is an edge of G[IG(u, gF (u))],
where gF (u) is the gate of u in F , for all u /∈ V (F ), and f(u) = u for all
u ∈ V (F ).
We recall the following two results.
Proposition 6.13. (Tardif [60, Corollary 3.2.5]) Let F be a convex subgraph of
a median graph G. Then there exists a mooring of G on F .
Proposition 6.14. (Polat [49, Proposition 6.2]) If a netlike partial cube G
contains a unique convex cycle C of length greater than 4, then there exists a
mooring of G on C.
We first extend the relation of Θ-equivalence to cycles.
Definition 6.15. Let G be a Peano partial cube.
(i) If C = 〈x1, . . . , x2n, x1〉 is an isometric cycle of G, then a cycle C′ =
〈x′1, . . . , x
′
2n, x
′
1〉 of G is said to be Θ-equivalent to C, or is called a Θ-copy of
C, if the edges xixi+1 and x′ix
′
i+1 are Θ-equivalent for every i with 1 ≤ i ≤ 2n
and i2n+1 := x1.
(ii) A convex subgraph F of G is said to be cycle-representative if F contains
a Θ-copy of each isometric cycle of G of length greater than 4.
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We clearly infer from (i) and Lemma 2.5(vii) that C′ is an isometric cycle of
G, and that dG(xi, x′i) = dG(xj , x
′
j) for all i, j with 1 ≤ i ≤ j ≤ 2n.
Lemma 6.16. Let G be a Peano partial cube G, and F a cycle-representative
convex subgraph of G. Then any isometric cycle of G that has at least one vertex
in F is a cycle of F .
Proof. Let C = 〈x1, . . . , x2n, x1〉 be an isometric cycle of G that has at least one
vertex, say x1, in F . Because F is cycle-representative, there exists a Θ-copy
CF = 〈xF1 , . . . , x
F
2n, x
F
1 〉 of C in F . Suppose that x1, . . . , xi ∈ V (F ) for some
i with 1 ≤ i < 2n. Because the edges xixi+1 and xFi x
F
i+1 are Θ-equivalent,
it follows that xi+1 ∈ IG(xi, xFi+1), and thus xi+1 ∈ V (F ) since F is convex.
Therefore x1, . . . , x2n ∈ V (F ), and thus C is a cycle of F .
Because, by Theorem 4.30, a convex subgraph of a Peano partial cube is
gated if and only if it is Γ-closed, we infer immediately the following corollary
from the above lemma.
Corollary 6.17. Let G be a Peano partial cube. Then any cycle-representative
convex subgraph of G is gated in G.
Lemma 6.18. Let F be a convex subgraph of a graph G, µ a mooring of G on
F , and C an isometric cycle of G− F . Then µ(C) is a Θ-copy of C.
Proof. Let C = 〈x1, . . . , x2n, x1〉. We first show that µ(xi) 6= µ(xj) if i 6= j. Let
i, j with 1 ≤ i < j ≤ 2n. Suppose that µ(xi) = µ(xj) =: y. Then j = i + 2
since C is isometric in G. It follows that the three vertices xi, xi+2, µ(xi+1) are
adjacent to xi+1 and y, contrary to the fact that a partial cube contains no
K2,3. Therefore µ(C) is a cycle of length 2n.
On the other hand, µ(e) and e are clearly Θ-equivalent for each edge e of C.
Hence µ(C) is a Θ-copy of C.
Theorem 6.19. Let G be a Peano partial cube, and F a cycle-representative
convex subgraph of G. Then there exists a mooring of G on F .
This theorem generalizes Proposition 6.13 since any median graph contains
no convex cycles of length greater than 4. The converse is clearly false. For
example, there exits a mooring of a cube Q on any of its 4-cycles, even if they
are not cycle-representative since they contains no Θ-copy of the isometric 6-
cycles of Q. The following result, which generalizes Proposition 6.14, is an
immediate consequence of Theorem 6.19 because the given cycle C is a convex
cycle-representative subgraph of G.
Corollary 6.20. Let C be a convex cycle of a Peano partial cube G whose length
is greater than 4. If C is a Θ-copy of each convex cycle of G of length greater
than 4, then there exists a mooring of G on C.
We need a few preliminary results.
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Lemma 6.21. Let Wab be a periphery of a Peano partial cube G. Then G[Wba]
is a retract of G.
Proof. Because Wab is a periphery and G is ph-homogeneous, we have Wab =
Uab, and φab is an isomorphism of G[Uab] onto G[Uba]. Therefore the map
φ : V (G) → Wba such that φ(x) = x if x ∈ Wba and φ(x) = φab(x) if x ∈ Wab,
is a retraction of G onto G[Wba].
Let F be a convex subgraph of a Peano partial cube G. We will see that
there is always a convex subgraph of G which properly contains F as a subgraph
and which is minimal with respect to the subgraph relation. This graph (resp.
its vertex set) is called a minimal convex extension of F (resp. V (F )). We need
the following lemma:
Lemma 6.22. Let G be a Peano partial cube, and A a non-empty convex set
of vertices of G. We have the following properties:
(i) A set A′ is a minimal convex extension of A if and only if A′ = IG({u}∪
A) for some vertex u ∈ NG(A).
(ii) If A′ is a minimal convex extension of A, then A =WG[A
′]
vu and A′−A =
W
G[A′]
uv for any edge uv of G with v ∈ A and u ∈ A′ −A.
Proof. Let u ∈ NG(A) and let v be the neighbor of u in A. This neighbor is
unique because A is convex and G is bipartite.
Claim 1. IG(Uuv ∩NG(A)) ∩ Uuv ⊆ NG(A).
Let x ∈ IG(Uuv ∩ NG(A)) ∩ Uuv. Then x ∈ IG(a, b) for some vertices
a, b ∈ Uuv ∩ NG(A). Let a′, b′ and x′ be the neighbors in Uvu of a, b and x,
respectively. Then a′, b′ ∈ A and x′ ∈ IG(a′, b′) since G is a partial cube.
Therefore x′ ∈ A by convexity. Hence x ∈ NG(A).
Claim 2. The set Uuv ∩NG(A) is ph-stable.
Let x, y ∈ IG(Uuv ∩ NG(A)). We have to prove that y ∈ IG(x, z) for some
z ∈ Uuv ∩ NG(A). We are done if y ∈ Uuv by Claim 1. Assume that y /∈ Uuv.
Then y ∈ IG(a, b) for some vertices a, b ∈ Uuv ∩NG(A) that we choose so that
dG(a, b) is as small as possible. Let P be the Uuv-geodesic associated with y, and
let a′ and b′ be its endvertices. By (SPS2), P is a subpath of some (a, b)-geodesic.
It follows that a′, b′ ∈ NG(A) by Claim 1. Therefore P is an (a, b)-geodesic by
the minimality of dG(a, b). We infer, by (SPS1), that y ∈ IG(x, a) ∪ IG(x, b).
Consequently Uuv ∩NG(A) is ph-stable.
Claim 3. IG({u} ∪A) = IG(Uuv ∩NG(A)) ∪A.
Clearly IG(Uuv ∩NG(A))∪A ⊆ IG({u} ∪A). Conversely let x ∈ A, and let
P = 〈u0, . . . , un〉 be a (u, x)-geodesic with u0 = u and un = x. Without loss of
generality we can suppose that un−1 /∈ A. Suppose that there is a vertex w ∈
A ∩Wuv. Then any (v, w)-geodesic contains an edge Θ-equivalent to uv. Such
an edge, say u′v′, is then an edge of G[A] since A is convex, which implies that
u ∈ IG(v, u′) ⊆ A by the convexity of A, contrary to the hypothesis. Therefore
A ⊆ Wvu. It follows that P contains an edge uiui+1 which is Θ-equivalent to
uv. Then v ∈ IG(u0, ui+1). Hence ui+1 ∈ IG(v, x), and thus ui+1 ∈ A since A
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is convex. It follows that i = n− 1. Hence un−1 ∈ Uuv ∩NG(A). Consequently
V (P ) ∈ IG(Uuv ∩NG(A)) ∪A, and thus IG({u} ∪A) ⊆ IG(Uuv ∩NG(A)) ∪A.
Claim 4. IG({u}∪A) is convex and is equal to IG({a}∪A) for each vertex
a ∈ IG({u} ∪A)−A.
By Claim 3, IG({u}∪A)−A = IG(Uuv∩NG(A)). By Claim 2, the set Uuv∩
NG(A) is ph-stable, and thus IG(Uuv∩NG(A)) is convex by Lemma 3.4. There-
fore IG({u} ∪A) is convex. Now let a ∈ IG({u} ∪A)−A = IG(Uuv ∩NG(A)).
Clearly IG({a} ∪ A) ⊆ IG({u} ∪ A). On the other hand, IG(Uuv ∩ NG(A)) ∪
A ⊆ IG({a} ∪ A) since Uuv ∩ NG(A) is ph-stable. Therefore IG({a} ∪ A) =
IG({u} ∪A).
From Claim 4, it follows immediately that IG({u} ∪A) is a minimal convex
extension of A.
Conversely, let A′ be a minimal convex extension of A. Let u ∈ NG(A)∩A′.
By what we proved above, IG({u} ∪ A) is a minimal convex extension of A,
which moreover is contained in A′ since u ∈ A′. Hence A′ = IG({u} ∪A). This
proves assertion (i).
Let A′ be a minimal convex extension of A. By (i), A′ = IG({u} ∪ A) for
some vertex u ∈ NG(A). Let v be the neighbor of u in A. Then, by Claim 3,
W
G[A′]
uv = IG({u} ∪ A) − A = A′ − A, and thus A = W
G[A′]
vu . This proves
assertion (ii).
Proposition 6.23. Let G a Peano partial cube, F a proper non-empty cycle-
representative convex subgraph of G, and F ′ a minimal convex extension of F .
Then F is a retract of F ′.
Proof. If uv is an edge of G with v ∈ V (F ) and u ∈ V (F ′ − F ), then uv
cannot be Θ-equivalent to an edge of some convex cycle of G of length greater
than 4 which has another edge in ∂G(V (F )), because F is Γ-closed since it
is gated by Corollary 6.17. It follows that the set UF
′
uv is convex, and thus
UF
′
uv =W
F ′
uv = V (F
′−F ). Hence, by Lemma 6.22(ii), each vertex x in V (F ′−F )
has exactly one neighbor, φuv(x), in F . Therefore F is a retract of F ′ by
Lemma 6.21.
Lemma 6.24. Let ab be an edge of a Peano partial cube G, x, y ∈ IG(Uab)−Uab,
and Px and Py the Uab-geodesics associated with x and y, respectively. Then
any (x, y)-geodesic is a subpath of some geodesic joining an endvertex of Px to
an endvertex of Py.
Proof. By (SPS1), y ∈ IG(x, u) for some endvertex u of Py , and x ∈ IG(u, v)
for some endvertex v of Px. It follows that any (x, y)-geodesic is a subpath of
some (u, v)-geodesic.
Proposition 6.25. Any proper convex subgraph of Peano partial cube G has a
minimal convex extension.
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Proof. Let F be a proper convex subgraph of G. Because F is convex, any
vertex in NG(V (F )) has exactly one neighbor in F , so let u ∈ NG(V (F )), v its
unique neighbor in F , A := IG(Uvu ∩ V (F )) and
F ′ := G[V (F ) ∪ φvu(A)].
We will show that F ′ is a a minimal convex extension of F .
(a) Let x ∈ A. Then x ∈ IG(a, b) for some a, b ∈ Uvu ∩ V (F ). Let Px be
the Uvu-geodesic associated with x in G. Then Px is a subpath of some (a, b)-
geodesic in G by (SPS2). It follows that Px is a path of F since F is convex in
G, and that its endvertices belong to Uvu ∩ V (F ).
(b) Let x, y ∈ A, and R a (φvu(x), φvu(y))-geodesic in G. Then φuv(R) is
an (x, y)-geodesic in G, and thus in F since F is convex. Let Px and Py be
the Uvu-geodesics associated with x and y, respectively. By (a), Px and Py are
paths of F . By Lemma 6.24, φuv(R) is a subpath of some geodesic joining an
endvertex a of Px to an endvertex b of Py. Because a, b ∈ Uvu∩V (F ), it follows
that φvu(IG(a, b)) ⊆ V (F ′), and consequently R is a path of F ′, which proves
that F ′ is convex.
(c) Let x ∈ V (F ′ − F ). If x ∈ φvu(Uvu ∩ V (F )), then x ∈ IG(u, φuv(x)).
Suppose that x ∈ IG(a, b) for some a, b ∈ φvu(Uvu ∩ V (F )). Let Px be the Uuv-
path associated with φuv(x). Then Px is a path of F by (a), and thus Φvu(Px)
is a path of F ′ since F ′ is convex by (b). By the minimality of the length of Px
(see Lemma 4.20), φvu(Px) is the Uuv-geodesic associated with x. By (SPS1),
x ∈ IG(u,w) for some endvertex w of φvu(Px), and thus x ∈ IG(u,Φuv(w)).
Consequently V (F ′) = IG({u} ∪ V (F )), which proves that F ′ is a minimal
convex extension of F by Lemma 6.22(i).
Proof of Theorem 6.19. Note that, if F is cycle-representative, then any con-
vex extension of F is also cycle-representative. It follows that, if H ′ is a minimal
convex-extension of some convex subgraph H of G which contains F , then H is
a retract of H ′ by Proposition 6.23, and in particular each vertex in V (H ′−H)
has exactly one neighbor in H .
For each ordinal α, we inductively construct a gated subgraph Fα of G as
follows:
• F0 := F ;
• Fα+1 is a minimal convex extension of Fα;
• Fα :=
⋃
β<α Fβ if α is a limit ordinal.
Note that Fα+1 exists according to Proposition 6.25 since Fα is gated by the
induction hypothesis, and that Fα is also a gated subgraph of G if α is a limit
ordinal because the set {Fβ : β < α} is a set of gated subgraphs totally ordered
by inclusion. For each x ∈ V (G) we denote by α(x) the smallest ordinal α such
that x ∈ V (Fα).
Define the self-map µ of V (G) such that µ(x) is x if α(x) = 0 and is the only
neighbor of x in Fα(x)−1 if α(x) > 0. It suffices to prove that µ is a contraction
to show that it is a mooring of G on F . Let x and y be two adjacent vertices of
G with α(x) ≤ α(y), we have to show that µ(x) and µ(y) are equal or adjacent.
We are done if α(x) = α(y) = 0. If α(x) = α(y) 6= 0, then µ(x) and µ(y) are
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adjacent because µ(y) ∈ U
Gα(x)
µ(x)x . If α(x) < α(y), then x = µ(y) by the definition
of µ, and thus µ(x) and µ(y) are equal or adjacent according to whether α(x)
is or is not equal to 0.
6.4 Retracts, hom-retracts and convex sets
We recall that a contraction f : G → H which preserves the edges is called a
homomorphism of G into H . If a retraction f : G → H is a homomorphism,
then we will say that f is a hom-retraction and that H is a hom-retract.
Any retract of a partial cube is a faithful subgraph of this graph. By [44,
Theorem 4.5], any faithful subgraph of a netlike partial cube G is both a netlike
partial cube and a retract of G. The corresponding result for median graphs
was proved by Bandelt [2, Theorem 1]. This property is generally not true for
Peano partial cubes as is shown by the example of Figure 7. In this example
the graph depicted by the thick edges and the big vertices is a faithful subgraph
of the prism C6✷K2, but it is not ph-homogeneous, and thus not a retract of
C6✷K2 by Theorem 6.4; note that its pre-hull number is 2. We will show that
any convex subgraph of a Peano partial cube is a retract of this graph.
On the other hand for any netlike partial cube G, every non-trivial retract is
a hom-retract of G by [44, Theorem 4.5]. However, this is not the case for any
Peano partial cube. Take for example the prism G = B✷K2 over the benzenoid
graphB that is the the union of two 6-cycles having exactly one edge in common.
Then any of the two B-fibers of G is a convex subgraph of G, and also a retract
of G, but it is straightforward to check that it cannot be a hom-retract of G.
Theorem 6.26. Let G be a Peano partial cube (resp. such that, for each edge
ab of G, any two convex cycles of length greater than 4 of the subgraph of G in-
duced by Uab are Θ-equivalent). Then any non-empty (resp. non-trivial) convex
subgraph of G is a retract (resp. hom-retract) of G.
Note that the converse is false since, for any positive integer n, a path of
length n of a 2n-cycle C is a retract of C, but is not a convex subgraph of C.
Moreover the condition to have a hom-retract in the above theorem is obviously
not necessary since the subgraph induced by any two adjacent vertices of a
bipartite graph is a hom-retract of this graph. We need the following supplement
to Proposition 6.23.
Proposition 6.27. Let G be a Peano partial cube such that, for any edge ab
of G, all convex cycles of length greater than 4 of the subgraph of G induced by
Uab are Θ-equivalent, F a proper non-empty convex subgraph of G, and F ′ a
minimal convex extension of F . Then F is a hom-retract of F ′.
Proof. We already know that F is a retract of F ′ (see Proposition 6.23). Let
u ∈ V (F ′ − F ) and v its neighbor in F . By Lemma 6.22, V (F ) = WF
′
vu and
V (F ′−F ) =WF
′
uv . Moreover, by Lemma 3.12, IF (U
F
vu) = IF (Uvu)∩V (F ) since
F is convex. Hence IF (UFvu) is convex in G, and thus is ph-homogeneous. It
follows that a cycle of F [IF (UFvu)] is convex or isometric in this subgraph if and
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only if it is convex or isometric in G, respectively. Therefore any convex cycle
of F [IF (UFvu)] of length greater than 4 is cycle-representative. We distinguish
three cases.
(a) If UFvu = {v}, then the map f : V (F
′) → V (F ) such that f(x) = x if
x ∈ V (F ) and f(u) = w, where w is a neighbor of v in F , is a hom-retraction
of F ′ onto F . Suppose that v is not the only element of UFvu. We have two
subcases.
(b) Suppose that F [IF (UFvu)] contains no convex cycle of length greater
than 4. Then F [IF (UFvu)] is a median graph by Proposition 4.47. On the other
hand, v has a neighbor w ∈ IF (UFvu) since IF (U
F
vu) is convex in V (F ), and
F [w] is a convex subgraph of F [IF (UFvu)]. Hence, by Proposition 6.13, there
exists a mooring µ of F [IF (UFvu)] on F [w]. It clearly follows that the map
f : V (F ′) → V (F ) such that f(x) = x if x ∈ V (F ), f(x) = µ(φuv(x)) if
x ∈ V (F ′ − F ), and f(φvu(w)) = v, is a hom-retraction of F ′ onto F .
(c) If F [IF (UFvu)] contains a convex cycle C = 〈c1, . . . , c2n, c1〉 of length
greater than 4, then, by Theorem 6.19, there exists a mooring µ of F [IF (UFvu)]
on C. Then the map f : V (F ′) → V (F ) such that f(x) = x if x ∈ V (F ),
f(x) = µ(φuv(x)) if x ∈ V (F ′ − (F ∪ φvu(C))), and f(φvu(ci)) = ci+1 for
1 ≤ i ≤ 2n with c2n+1 := c1, is a hom-retraction of F ′ onto F .
Proof of Theorem 6.26. For each ordinal α, we inductively construct a con-
vex subgraph Fα of G as follows:
• F0 := F ;
• Fα+1 is a minimal convex extension of Fα;
• Fα :=
⋃
β<α Fβ if α is a limit ordinal.
Note that Fα+1 exists according to Proposition 6.25 since Fα is convex by
the induction hypothesis, and that Fα is also a convex subgraph of G if α is a
limit ordinal because the set {Fβ : β < α} is a set of convex subgraphs totally
ordered by inclusion. Let γ be the least ordinal such that Fγ = G.
Now, for each ordinal α ≤ γ, we construct a retraction (resp. hom-retraction)
fα of Fα onto F0. Let f0 be the identity function on V (F0). Let α ≥ 0. Suppose
that fβ has already been constructed for every β < α. If α = β + 1 for some
ordinal β, then fα := fβ ◦ fFα where fFα is a retraction (resp. hom-retraction)
of Fα onto Fβ induced by Proposition 6.23. Then fα is obviously a retraction
of Fα onto F0.
Suppose that α is a limit ordinal. Let fα :=
⋃
β<α fβ , i.e. fα is the map of Fα
onto F0 such that, for each vertex x of Fα, fα(x) := fβ(x), where β is the least
ordinal such that x ∈ V (Fβ). In particular fα(x) = x if x ∈ V (F0). It remains to
prove that fα is a contraction (resp. homomorphism). Let x, y be two adjacent
vertices of Fα. Then there is an ordinal β < α such that x, y ∈ V (Fβ). Therefore
fα(x) = fβ(x) and fα(y) = fβ(y). It follows that fα(x) and fα(y) are adjacent
or equal (resp. adjacent) because fβ is a contraction (resp. homomorphism) by
the induction hypothesis. Consequently fα is a retraction (resp. hom-retraction)
of Fα onto F0.
We deduce that fγ is the desired retraction (resp. hom-retraction) of F onto
G.
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6.5 Strongly faithful subgraphs
By [44, Proposition 4.4], any faithful subgraph of a netlike partial cube G is a
netlike partial cube. However, a faithful subgraph of a Peano partial cube is
generally not ph-homogeneous as we saw by the example of Figure 7.
Definition 6.28. A subgraph F of a Peano partial cube G is said to be strongly
median-stable in G if, for any triple (u, v, w) of vertices of F that has a median
m or a hyper-median (x, y, z) in G, then m or x, y, z are vertices of F .
Definition 6.29. A subgraph of a Peano partial cube G is said to be strongly
faithful if it is both isometric and strongly median-stable in G.
A convex subgraph of a Peano partial cube is clearly strongly faithful.
Proposition 6.30. Let F be a strongly faithful subgraph of a Peano partial cube
G, and (u, v, w) a triple of vertices of F . Then:
(i) If (u, v, w) has a median m in G, then m is the median of (u, v, w) in F .
(ii) If (u, v, w) has a hyper-median (x, y, z) in G, then (x, y, z) is a hyper-
median of (u, v, w) in F , and moreover coF (x, y, z) = coG(x, y, z).
Proof. Because F is isometric in G, it follows that, ifm is the median of (u, v, w)
is G, then it is the median of (u, v, w) in F . Assume that (u, v, w) has a hyper-
median (x, y, z) in G. Then H := G[coG(x, y, z)] is a hypertorus. Moreover
there exists an isometric cycle C which passes through x, y, z, and thus which
is such that coG(C) = H . By Proposition 6.3, idim(C) = idim(H). Because
F is isometric in G, it follows that there exists a cycle C′ in F which passes
through x, y, z, and thus which has the same Θ-classes as C. Once again by
Proposition 6.3, H is the median-closure of C′ in G. Therefore,H is the median-
closure of C′ in F since F is median-stable. Hence coF (x, y, z) = H , which
proves that (x, y, z) is a hyper-median of (u, v, w) in F .
We immediately deduce the following corollary:
Corollary 6.31. Let F be a strongly faithful subgraph of a Peano partial cube
G. Then any strongly faithful subgraph of F is a strongly faithful subgraph of G.
The following result is analogous to [44, proposition 4.4] stating that a faith-
ful subgraph of a netlike partial cube is also a netlike partial cube.
Theorem 6.32. Any strongly faithful subgraph F of a Peano partial cube G is
a Peano partial cube. Moreover UFab = Uab ∩ IG(U
F
ab) for each edge ab of F .
Proof. (a) Let ab ∈ E(F ) and u ∈ IF (UFab) − U
F
ab. Then u ∈ IF (x, y) for
some x, y ∈ UFab. Because U
F
ab ⊆ Uab ∩ V (F ) by Lemma 3.12, it follows that
u ∈ IF (Uab) − Uab and x, y ∈ Uab. Because G is ph-homogeneous, u has an
ab-cycle C which associated with it. This cycle is gated by Lemma 4.25 and by
the fact that the subgraph Cyl[X ] is gated, where X is the bulge of coG(Uab)
which contains u.
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Let x′ and y′ be the neighbors of x and y in Uab, respectively. Clearly the
triple (u, v′, w′) of the gates in C of u, x′, y′ is a hyper-median of (u, x′, y′).
Because F is strongly faithful in G, it follows that u, v′, w′ ∈ V (F ), and thus
(u, v′, w′) is a hyper-median of (u, x′, y′) in F . Moreover C is a gated cycle of F
since F is isometric in G. It follows that P := C−WFba is a convex ab-path in F
which passes through u. This path P satisfies the properties (SPS1) and (SPS2)
in G, since G is ph-homogeneous. Then, because F is an isometric subgraph
of G, it easily follows that P satisfies the properties (SPS1) and (SPS2) in
F . Hence UFab is strongly ph-stable, and analogously U
F
ba is strongly ph-stable.
Consequently F is ph-homogeneous.
(b) Because UFab ⊆ Uab, it follows that U
F
ab ⊆ Uab ∩ IF (U
F
ab). Let u ∈
Uab ∩ IF (UFab). Then u ∈ IG(v, w) for some v, w ∈ IF (U
F
ab). Suppose that
u /∈ UFab. Then, because u ∈ Uab and since F is median-stable, we have
φab(u) = mG(φab(v), φab(w), x) = mF (φab(v), φab(w), x).
Hence φab(u) ∈ V (F ), and thus u ∈ UFab. Consequently U
F
ab = Uab∩IG(U
F
ab).
As an immediate consequence of Proposition 6.30 and Theorem 6.32, we
have:
Corollary 6.33. Any strongly faithful subgraph of a hyper-median partial cube
is hyper-median.
Note that a strongly faithful subgraph of a Peano partial cube G is not
necessarily convex in G. For example, a 3-path in a 6-cycle is clearly strongly
faithful, but is not convex. Also note that an isometric subgraph of a Peano
partial cube G which is ph-homogeneous in its own right, is not necessarily
strongly median-stable, as is shown by the example of an isometric 6-cycle of a
3-cube.
Remark 6.34. From Theorem 6.32 and the facts that every convex subgraph
of a partial cube is strongly faithful, and that the pre-hull number of a Peano
partial cube is at most equal to 1, we infer immediately that a partial cube G is
ph-homogeneous if and only if the pre-hull number of any finite strongly faithful
subgraph of G is at most equal to 1. Contrary to Proposition 4.45, and even if
a “strongly faithful subgraph” is a strictly weaker concept than that of “convex
subgraph”, the property that “the pre-hull number of any finite strongly faithful
subgraph of G is at most equal to 1” characterizes any Peano partial cube, and
not some special ones, as one may have expected.
Theorem 6.35. Any retract of a Peano partial cube G is strongly faithful in
G.
Proof. Let f be a retraction of G onto one of its subgraph F . Then F is faithful
by Lemma 6.5. Let (u, v, w)be a triple of vertices of F which has a hyper-median
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(x, y, z) in G. Then (x, y, z)satisfies the following equalities:
IG(u, v) ∩ IG(u,w) = IG(u, x),
IG(v, x) ∩ IG(v, w) = IG(v, y),
IG(w, x) ∩ IG(w, y) = IG(w, z).
Because F is isometric in G, it follows that (f(x), f(y), f(z)) satisfies:
IG(u, v) ∩ IG(u,w) = IG(u, f(x)),
IG(v, f(x)) ∩ IG(v, w) = IG(v, f(y)),
IG(w, f(x)) ∩ IG(w, f(y)) = IG(w, f(z)).
Then the three intervals IG(f(x), f(y)), IG(f(y), f(z)), IG(f(z), f(x)) pair-
wise intersect in their common endvertices. Hence (f(x), f(y), f(z)) is a quasi-
median of (u, v, w). By the uniqueness of the quasi-median in a Peano partial
cube (see Proposition 5.14), it follows that f(x) = x, f(y) = y and f(z) = z.
Therefore F is strongly faithful in G.
We recall that, by [2, Theorem 1] (resp. [44, Theorem 4.5]), any faithful
subgraph of a median graph (resp. a netlike cube) G is a retract of G. This is
generally not true for any strongly faithful subgraph of a Peano partial cube,
and even of a hyper-median partial cube as is shown by the following example.
Let F be the gated amalgam of C4 and K2 along a vertex. Then F is a strongly
faithful subgraph of K3 = C4✷K2, but it is clearly not a retract of K3. This
example is a counter-example, and is in fact the smallest, of the property that a
gated amalgam of Peano partial cubes is generally not a retract of the Cartesian
product of its constituents.
Question 6.36. What are the strongly faithful subgraphs of a Peano partial
cube which are retracts of this graph?
We only give a necessary condition for a subgraph of a Peano partial cube
to be a retract of this graph.
Proposition 6.37. Let F be a subgraph of a Peano partial cube G. If F is a
retract of G, then F is a strongly faithful subgraph of G such that, for each edge
ab ∈ ∂G(V (F )) with a ∈ V (F ), any convex cycle of F [UGab ∩ V (F )] that has a
vertex in UFab has all its vertices in U
F
ab.
Proof. Let F be a retract of G. Then F must be a strongly faithful subgraph
of G by Theorem 6.35. Let f be a retraction of G onto F and ab ∈ ∂G(V (F ))
with a ∈ V (F ). Let C = 〈x1, . . . , x2n, x1〉 be a convex cycle of F [UGab ∩ V (F )]
with n ≥ 2 such that some of its vertices belongs to UFab.
Suppose that V (C) * UFab. For each i, denote by x
′
i the neighbor of xi in
UGba. Then, without loss of generality, we can suppose that there are i, j such
that, either i = 1 and j = 2n + 1 with x′i = x
′
2n+1 ∈ V (F ) and x
′
k /∈ V (F )
for 1 < k ≤ 2n, or 1 ≤ i < j ≤ 2n with x′i, x
′
j ∈ V (F ) and x
′
k /∈ V (F ) for
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i < k < j. Then, in any case, we have f(x′i+1) = xi and f(x
′
j−1) = xj , and
moreover f(x′i+2) = xi+1 and f(x
′
j−2) = xj−1, and so on. It follows that, if
j − i is even, which is the case when i = 1 and j = 2n + 1, then f(x′(i+j)/2)
will be both equal to x⌊(i+j)/2)⌋ and x⌈(i+j)/2⌉, which is impossible; and if j − i
is odd, then f(x′⌊((i+j)/2)⌋) = x⌊((i+j)/2)⌋−1 and f(x
′
⌈((i+j)/2)⌉) = x⌈((i+j)/2)⌉+1 ,
which will imply that x⌊((i+j)/2)⌋−1 and x⌈((i+j)/2)⌉+1 will be adjacent because
f is a retraction and x′⌊((i+j)/2)⌋ and x
′
⌈((i+j)/2)⌉ are adjacent, contrary to the
fact that C is convex. Therefore V (C) ⊆ UFab.
We complete this subsection with a particular case which holds for any par-
tial cube.
Proposition 6.38. Let G be a partial cube, and F a median graph that is an
isometric subgraph of G. Then F is a hom-retract of G.
Proof. As a partial cube, G is an isometric subgraph of some hypercube Q. It
follows that the median graph F is also an isometric subgraph of Q, and thus
a hom-retract of Q by Bandelt’s theorem [2, Theorem 1]. Let f be a hom-
retraction of Q onto F . Then the restriction of f to V (G) is a hom-retraction
of G onto F .
7 Fixed subgraph properties
Fixed finite subgraph theorems, which are far-reaching outgrowths of metric
fixed point theory, have been a flourishing topic in the literature on metric
graph theory. In this section we prove several fixed subgraph properties that
generalize analogous results on median graphs and netlike partial cubes. As a
side result, we show that the intersection graph of the maximal gated regular
subgraphs of a finite Peano partial cube is dismantlable, in other words, cop-win.
7.1 Finite Peano partial cubes
We recall that the gated regular subgraphs of a Peano partial cube G are the
convex quasi-hypertori of G. Hence Tor(G) is the set of these subgraphs, and
Tor(G, ab) the subset of these subgraphs that contain an edge Θ-equivalent to
a given edge ab of G.
Let G be a partial cube. We denote by Γ(Tor(G)) the intersection graph
of the maximal gated quasi-hypertori of G, i.e. the graph whose vertex set is
the set of all maximal gated quasi-hypertori of G, and such that two vertices
are adjacent if and only if they have a non-empty intersection. We also denote
by G✸ the graph having the same vertex set as G and where two vertices are
adjacent if and only if they belong to a common gated quasi-hypertori of G.
The graph Γ(Tor(G)) is the clique graph of G✸, that is, the intersection graph
of the maximal simplices (i.e. complete subgraphs) of G✸.
We recall that, if x and y are two vertices of a finite graph G, then x is said
to be dominated by y in G if NG[x] ⊆ NG[y]. We say that a finite graph G is
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dismantlable if its vertices can be linearly ordered x0, . . . , xn so that, for each
i < n, the vertex xi is dominated by xi+1 in the subgraph of G induced by
{xi, . . . , xn}. The enumeration x0, . . . , xn is called a dismantling enumeration
of the vertices of G.
Proposition 7.1. (Bandelt and Prisner [9, Proposition 2.6]) The clique graph
of a dismantlable graph is also dismantlable.
Lemma 7.2. Let Wab be a semi-periphery of a Peano partial cube G, and let
H ∈ Tor(G, ab) be such that V (H) ⊆ Uab ∪ Uba. If H ∩ G[Wab] is gated, then
H is gated.
Proof. Note that H is isomorphic to the Cartesian product of H ′ := H ∩G[Uab]
with K2. Let u ∈ V (G) and x be its gate in H ′. Clearly x or its neighbor x′ in
Uba is the gate of u in H according to whether u ∈ Wab or u ∈ Wba.
Theorem 7.3. If G is a finite Peano partial cube, then the graphs G✸ and
Γ(Tor(G)) are dismantlable.
Proof. By Proposition 7.1, it suffices to prove that G✸ is dismantlable. The
proof will be by induction on the order |V (G)| of G. This is obvious if |V (G)| =
1. Suppose that this holds for any Peano partial cube whose order is at most
n, for some positive integer n. Let G be an Peano partial cube such that
|V (G)| = n+ 1.
Let Wab be a semi-periphery of G. If Wab 6= Uab, we first consider the
elements of Wab − Uab. Let x ∈ Wab − Uab. Then x is a vertex of some bulge
X of G, and thus of Cyl[X ]. Therefore x is a vertex of some convex cycle
C ∈ C(G, ab), and C is clearly a cycle of any convex quasi-hypertorus that
contains x. It follows that x is dominated in G✸ by any vertex of C, and in
particular by those that belong to Uab.
Let x0, . . . , xi be an enumeration of the vertices ofWab−Uab. In the subgraph
G − {x0, . . . , xi} (that is, in G if Wab = Uab), each vertex u of Uab is clearly
dominated by its neighbor u′ in Uba because, by the properties of Cyl[X ] or by
Lemma 7.2, u′ belongs to every maximal gated element of Tor(G, ab) to which
belongs u. Let xi+1, . . . , xj be an enumeration of the vertices in Uab, and let
H := G− {x0, . . . , xj}.
This subgraph H , which a convex subgraph of G, is then a Peano partial
cube. Consequently, by the induction hypothesis, H✸ is dismantlable. Let
xj+1, . . . , xn+1 be a dismantling enumeration of V (H). Then x0, . . . , xn+1 is a
dismantling enumeration of the vertices of G.
We say that a self-contraction f of a graph G fixes a subgraph H of G if
f(H) = H .
Theorem 7.4. Any finite Peano partial cube G contains a gated quasi-hyper-
torus which is fixed by all automorphisms of G.
Proof. Each automorphism of G clearly induces an automorphism of the graph
Γ(Tor(G)). By Theorem 7.3 and [39, Theorem 4.8], there exists a finite simplex
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S of Γ(Tor(G)) which is fixed by every automorphism of this graph. By the
definition of Γ(Tor(G)), the elements of S are gated and pairwise non-disjoint.
Hence, by [3, Proposition 2.4], they have a non-empty intersection H . Because
the intersection of gated subgraphs is gated, and thus convex, it follows by
the Convex Subgraph Property of Cartesian product that H is the Cartesian
product of even cycles of length greater than 4 and of paths. Hence H is either
a quasi-hypertorus or a median graph or the Cartesian product of hypertorus
with a median graph. Moreover, H is clearly fixed by every automorphism of
G.
It is sufficient to prove that H contains a gated quasi-hypertorus which is
fixed by every automorphism of G. We are done if H is regular. Assume that
H is not regular. We have two cases.
Case 1. H is a median graph.
Then, by [10], H contains a hypercube H ′ which is fixed by all automor-
phisms of H , and thus of G. Moreover H ′ is gated since it is a hypercube.
Case 2. H is not a median graph.
Then H is the Cartesian product of a hypertorus T with a finite median
graph M . As in Case 1, M contains a hypercube M ′ which is fixed by all
automorphisms of M . Hence H ′ := T✷M ′ is a convex quasi-hypertorus which
is fixed by all automorphisms of H , and thus of G. Moreover, H ′ is convex in
G since so is H , and thus it is gated in G by Theorem 4.33.
The above theorem gives as a particular case the result [46, Theorem 4.3]
stating that in any finite netlike partial cube G there exists a gated cycle or a
hypercube which is fixed by all automorphisms of G.
7.2 Compact Peano partial cubes
Recall that, by Corollary 4.54, a Peano partial cube is compact if and only if
it contains no isometric rays. We prove three fixed subgraph properties for
compact Peano partial cubes that are of the same type as those which were
proved in [49]. We will use Proposition 6.6 and the notations introduced before
the statement of this proposition. We need two more results.
Lemma 7.5. Let G be a Peano partial cube. Let (Gi)i∈I be a family of faithful
subgraphs of G that are ph-homogeneous and such that, for each finite J ⊆ I,
GJ :=
⋂
j∈J Gj is a faithful subgraph of G which is ph-homogeneous. Then
GI :=
⋂
i∈I Gi is a faithful subgraph of G which is ph-homogeneous.
Proof. By [49, Proposition 3.10], GI is a faithful subgraph of G. We will prove
that it is ph-homogeneous. First note that, for all finite J ⊆ J ′ ⊆ I, GJ′ is a
faithful subgraph of GJ .
Let F be a finite convex subgraph of GI . Denote by FG and FGJ the convex
hulls of F in G and GJ , respectively, for every finite J ⊆ I. The subgraph FG
is finite and FGJ ⊆ FG for every finite J ⊆ I. Moreover FGJ′ ⊆ FGJ for every
finite J ′ ⊆ J such that J ⊆ J ′, since GJ′ is a faithful subgraph of GJ . It follows
that there exists some finite J ⊆ I such that FGJ = FGJ′ for every finite J
′ ⊆ I
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with J ⊆ J ′. Therefore F = FJ , and thus ph(F ) ≤ 1 since GJ is a Peano partial
cube.
Proposition 7.6. (Polat [49, Corollary 3.4]) Let G be a compact partial cube.
Then there exists a non-empty finite convex subgraph of G which is fixed by
every automorphism of G.
Theorem 7.7. Let G be a compact Peano partial cube. We have the following
properties:
(i) G contains a gated quasi-hypertorus which is fixed by all automorphisms
of G.
(ii) Any self-contraction of G fixes a gated quasi-hypertorus.
(iii) For any commuting family F of self-contractions of G, there exists a
gated quasi-hypertorus which is fixed by every element of F .
Proof. (i) By Proposition 7.6, there is a non-empty finite convex subgraph F
of G which is fixed by every automorphism of G. Then F is a finite Peano
partial cube. Hence, by Theorem 7.4, F contains a gated quasi-hypertorus
which is fixed by all automorphisms of F , and thus of G. Note that, because F
is convex, a gated quasi-hypertorus of F is convex in G, and thus also gated in
G by Theorem 4.33.
(ii) Let f be a self-contraction of G. Then, by Lemma 6.5 and Proposi-
tion 6.6, Gf is a non-empty Peano partial cube, which is faithful in G, and
whose vertex set is closed and thus compact since so is V (G). Clearly the re-
striction of f to V (Gf ) is an automorphism of Gf . Therefore, by (i), there
exists a convex quasi-hypertorus F of Gf which is fixed by all automorphisms
of Gf , and thus by f . Then F is a faithful subgraph of G, since Gf is faithful
in G, and hence F is gated in G by Theorem 4.34.
(iii) By Lemma 6.5, for every f ∈ F , the set Vf , where V stands for V (G), is
non-empty, and Gf is a faithful subgraph of G whose vertex set is a closed and
thus compact set of G. Therefore, by Proposition 6.6, Gf is a compact Peano
partial cube. If g ∈ F commutes with f on Vf , and if x ∈ Vf , then fp(g(x)) =
g(fp(x)) = g(x) for any p ≥ 0 such that fp(x) = x. Thus g(Vf ) ⊆ Vf . Hence,
since Gf is a compact Peano partial cube, it follows by (ii) that g fixes a non-
empty finite gated quasi-hypertorus of Gf . Therefore, by Lemma 6.5, Vf ∩Vg =
(Vf )g (= (Vg)f ) is a non-empty, faithful and closed, and thus compact, set of
vertices of Gf , and thus of G, and moreover, by Proposition 6.6, G[Vf ∩ Vg] =
(Gf )g is a faithful subgraph of Gf , and thus of G, which is ph-homogeneous.
Note that [x]f ∪ [x]g ⊆ Vf ∩Vg for every x ∈ Vf ∩Vg . Hence the restrictions of f
and g to Vf∩Vg are automorphisms ofG[Vf∩Vg]. Inductively, for any non-empty
finite K := f1, . . . , fn ⊆ F , the set VK :=
⋂
f∈K Vf = (. . . (Vf1 ) . . . )fn is a non-
empty, faithful, and closed, and thus compact subset of V (G), and GK := G[VK]
is a Peano partial cube by Proposition 6.6. Therefore VF :=
⋂
f∈F Vf 6= ∅ since
the space V (G) is compact and the sets Vf ’s are closed. Then GF := G[VF ],
being the intersection of all Gf ’s, which are faithful and non-empty, is also a
non-empty faithful subgraph of G. Hence GF is a non-empty Peano partial cube
by Lemma 7.5, whose vertex set is closed in G, and thus which is compact since
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so is V (G). Because the restriction of every f ∈ F to VF is an automorphism
of GF , it follows by (i) that GF contains a gated quasi-hypertorus F which is
fixed by every element of F . Then F is a faithful subgraph of G, since GF is
faithful in G, and hence F is gated in G by Theorem 4.34.
The above result generalizes the corresponding results [60, Theorem 1.2] for
median graphs and [46, Theorems 6.5, 6.6 and 6.8] for netlike partial cubes.
By [49, Proposition 4.1], if a graph contains an isometric ray, then there
exists a self-contraction of this graph which fixes no non-empty finite set of
vertices. Hence we can state the following improvement of property (ii) of the
above theorem.
Corollary 7.8. Any self-contraction of a Peano partial cube G fixes a finite
gated quasi-hypertorus if and only if G contains no isometric rays.
We complete this subsection with a result which holds for infinite Peano
partial cubes that are not necessarily compact, and which is a consequence of
Theorem 7.7.
Proposition 7.9. Let f be a self-contraction of a Peano partial cube G. If f
fixes a finite subgraph of G, then f fixes some gated quasi-hypertorus.
Proof. Let F be a finite subgraph of G which is fixed by f . Clearly f fixes the
convex hull F of F , which is a finite Peano partial cube. Then the restriction f ′
of f to V (F ) is a self-contraction of F . Hence, by Theorem 7.7(ii), F contains
a gated quasi-hypertorus H which is fixed by f ′, and thus by f . Moreover H is
gated in G by Theorem 4.33.
8 Convex invariants
In this section we study two convex invariants of the geodesic convexity of a
Peano partial cube: the Helly number and the depth, i.e. the height of the
poset of the non-trivial half-spaces ordered by inclusion.
8.1 Helly number
The Helly number h(G) of a graphG is the smallest integer, if it exists, such that
any finite family of h(G)-wise non-disjoint convex sets of G has a non-empty
intersection.
As an immediate consequence of a result of Bandelt and Chepoi [5, Theorem
2] stating that the Helly number of a discrete geometric weakly modular space
is equal to its clique number, we have the following result.
Proposition 8.1. If G is a median graph with at least two vertices, then
h(G) = 2.
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This result does not hold ifG is any netlike partial cube. Take for example an
even cycle C of length 6, and let three paths of C of length 2 that pairwise have
exactly one vertex in common, and thus whose union is C. Then these three
paths are convex and have an empty intersection, which proves that h(C) ≥ 3.
More precisely and more generally we have:
Theorem 8.2. The Helly number of a Peano partial cube G is at most 3, with
the equality if and only if G is not a median graph.
Proof. Let G be a Peano partial cube with at least two vertices. By Proposi-
tion 8.1, h(G) = 2 if G is a median graph. Assume that G is not a median
graph. Then, by Proposition 4.47, G contains a convex cycle of length greater
than 4. It follows, by what we saw above, that h(G) ≥ 3. To prove that 3
is sufficient, it suffices to show that, for every integer n ≥ 3, any family of n
convex sets of G that are 3-wise non-disjoint has a non-empty intersection. The
proof will be by induction on n.
This is obvious if n = 3. Suppose that this is true for some n ≥ 3. Let
(Fi)0≤i≤n be a family of n + 1 convex sets of G that are 3-wise non-disjoint.
Suppose that F0 ∩ · · · ∩ Fn = ∅.
By the induction hypothesis, the Fi’s are n-wise non-disjoint. Hence F :=
F1 ∩ · · · ∩ Fn is a non-empty convex set. By the definition of a Peano partial
cube, G has the separation property S4. Therefore there exits a half-space H
containing F0 and disjoint from F , which is maximal with respect to these two
conditions. Because G is a partial cube, H = Wba for some edge ab of G. The
set Wba ∪ Att(Wba) is convex by definition. Hence F ∩ Att(Wba) 6= ∅, since
otherwise, by the separation property S4, there would exist a half-space H ′
containing Wba ∪Att(Wba) and disjoint from F , contrary to the maximality of
H . Let u ∈ F ∩Att(Wba). We distinguish two cases.
Case 1. u ∈ Uab.
Then the neighbor u′ of u in Uba belongs to Fi for any i with 1 ≤ i ≤ n,
since Fi ∩Wba ⊇ Fi ∩F0 6= ∅. It follows that u′ ∈ F , contrary to the hypothesis
that F ⊆Wab.
Case 2. u /∈ Uab.
Uab is strongly ph-stable since G is ph-homogeneous. Let Pu be the Uab-
geodesic associated with u, and let v and w be its endvertices. Then, by
Lemma 4.22, for any vertex x ∈ Uab, and thus for any x ∈ Wba, v or w be-
longs to IG(u, x).
On the other hand, by the induction hypothesis, the Fi’s are n-wise non-
disjoint. Hence the elements of (Fi ∩Wba)0≤i≤n, which are non-empty convex
sets sinceWba is convex, are also n-wise non-disjoint. It follows that the elements
of (Fi ∩Wba)1≤i≤n are (n− 1)-wise non-disjoint.
It follows that, for each i, 1 ≤ i ≤ n, v or w belongs to Fi since this set is
convex and because v or w belongs to IG(u, xi) for some xi ∈ Fi∩Wba. Suppose
that w /∈ F . Then w /∈ Fi for some i with 1 ≤ i ≤ n. It follows that v ∈ Fi. Let
j 6= i with 1 ≤ j ≤ n. Then Fi ∩Fj ∩Wba is non-empty since n ≥ 3. Let xij be
an element of this intersection. Then v ∈ IG(u, xij) because w /∈ Fi. It follows
that v ∈ Fj by the convexity of this set. We deduce that v ∈ F .
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Therefore, in any case, v or w belongs to F . By Case 1, this yields a
contradiction with the hypothesis that F ⊆Wab. Consequently F0∩· · ·∩Fn 6= ∅.
We deduce that h(G) = 3.
Corollary 8.3. A Peano partial cube G is a median graph if and only if
h(G) = 2.
8.2 Depth
In this subsection we study the depth of the geodesic convex structure of a
Peano partial cube, and mainly of a hyper-median partial cube.
In [11], Bandelt and van de Vel introduced an invariant of convex structures—
the depth—to study the structure of finite median graphs.
Definition 8.4. The depth of a convex structure is the supremum length of a
chain of non-trivial half-spaces.
We will prove several results about the depth of (non-necessarily finite)
Peano partial cubes. For all these results but Proposition 8.5 we have to re-
quire that these partial cubes are tricycle-free. We begin by the few following
remarks:
• If a partial cube G is compact, then any chain of half-spaces of G is finite
(Proposition 2.18). The converse is false as is shown by an infinite hypercube.
• If a partial cube has finite diameter, and a fortiori if it is finite, then it
obviously contains no isometric rays, and thus is compact by Corollary 4.54,
and moreover it has finite depth.
• If a partial cube G contains no isometric rays, then any quasi-hypertorus
of G is finite.
• Any convex subgraph of a Peano partial cube is a Peano partial cube, and
thus its geodesic convexity has the separation property S4 by Theorem 3.24.
• Any convex subgraph of a compact hyper-median partial cube is also a
compact hyper-median partial cube.
• By Theorem 4.35, if G is a Peano partial cube, then any element ofCyl[G]
is gated in G.
Clearly a partial cube has depth 1 if and only if it is strongly semi-peripheral.
Therefore we deduce from Theorem 4.31 the following result.
Proposition 8.5. Let G be a compact Peano partial cube. Then G has depth
1 if and only if it is a quasi-hypertorus.
We now recall the main result of [11].
Proposition 8.6. (Bandelt and van de Vel [11, Theorem 2.4]) A finite median
graph G has depth k ≥ 2 if and only if there is a convex set C ⊆ V (G) of depth
k − 2 meeting each maximal cube of G. All convex sets meeting each maximal
cube of G and that are minimal with respect to this property are isomorphic.
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Next theorem generalizes the above result and the analogous one [47, The-
orem 6.4] about tricycle-free netlike partial cubes. We recall that Cyl+[G]
denotes the set of all subgraphs of G that are either elements of Cyl[G] or
maximal hypercubes of G.
Theorem 8.7. Let G be a compact hyper-median partial cube whose depth is
finite. Then G has depth k ≥ 2 if and only if there is a gated subset of V (G)
of depth k − 2 that meets each element of Cyl+[G] and that is minimal with
respect to this property.
We need two lemmas.
Lemma 8.8. Let F be a gated subgraph of a partial cube G, and let a1b1 and
a2b2 be two edges of F . If W
F
b1a1
⊂WFb2a2 , then W
G
b1a1
⊂WGb2a2 .
Proof. Assume that WFb1a1 ⊂ W
F
b2a2
, and suppose that a1b1 is Θ-equivalent to
an edge uv of G[coG(UGa2b2)]. The gates u
′ and v′ in F of u and v, respectively,
clearly belong to coF (UFa2b2). Moreover, because uv is Θ-equivalent to the edge
a1b1 of F , we infer that u′v′ is an edge which is Θ-equivalent to uv, and thus to
a1b1, contrary to the assumption.
Consequently a1b1 is not Θ-equivalent to an edge of coG(UGa2b2), and thus of
WGa2b2 by Lemma 2.8, which implies that W
G
b1a1
⊂WGb2a2 .
The following result is obvious.
Lemma 8.9. Let A and B be two non-disjoint sets of vertices of a graph G
such that A is convex and B is gated. Then A ∩ B is the set of the gates in B
of all elements of A.
Proof of Theorem 8.7. (a) Assume that the depth of G is k ≥ 2. Note that
all hypercubes are finite since G contains no isometric rays by Corollary 4.54.
(a.1) We denote by S(G) the set of all maximal sequences σ = (aibi)1≤i≤h
of length h ≥ 2 of edges of G such that WGb1a1 ⊂ · · · ⊂ W
G
bhah
and V (G) =
WGbhah ∪ coG(U
G
ahbh
), and moreover we put Aσ :=WGa2b2 ∪ coG(U
G
b2a2
). Note that
the length of any sequence in S(G) is at most k. Put
A :=
⋂
σ∈S(G)
Aσ.
For any σ ∈ S(G), Aσ is gated by Lemma 5.6, since G is tricycle-free by
Theorem 5.17. Clearly Aσ ∩ Aσ′ 6= ∅ for all σ, σ′ ∈ S(G). Moreover G is
compact. It follows that A is a non-empty gated set since the gated sets of G
have the strong Helly property by Proposition 2.14, and since the intersection
of gated sets is gated.
(a.2) Let H ∈ Cyl+[G]. Suppose that Aσ ∩ V (H) = ∅ for some σ ∈ S(G).
Let x ∈ Aσ and y ∈ V (H) be such that dG(x, y) = dG(Aσ, V (H)). Then x is
the gate of y in Aσ. Let xx′ ∈ ∂G(Aσ) be an edge of some (x, y)-geodesic. By
Lemma 2.5(ix), xx′ is not Θ-equivalent to an edge ofG[Aσ ]. By the properties of
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S, WGx′x is a semi-periphery of G. Moreover y ∈ W
G
x′x. Hence H ∈ Cyl[G, x
′x].
It follows that, if x′ were a vertex of H , then x would be a vertex of H as well,
contrary to the hypothesis. Hence x′ /∈ V (H), and thus x′ cannot belong to
IG(x, V (H)) since H ∈ Cyl[G, x′x], contrary to the choice of x′. Consequently
Aσ ∩ V (H) is non-empty. By Lemma 8.9, Aσ ∩ V (H) is then a gated subset of
V (H) which contains the gate in H of each element of Aσ. Since A is non-empty,
it follows that A∩V (H) is a non-empty gated set which contains the gate in H
of each element of A.
(a.3) Denote by A the set of all gated subset of A that meet each element of
Cyl+[G]. Let C be a descending chain of elements of A. Then C ∩H is convex
for any C ∈ C, since so is any element of Cyl+[G] and of A. It follows that the
intersection of
⋂
C with H is non-empty because G is compact. Moreover
⋂
C
is gated as an intersection of gated sets. Therefore
⋂
C ∈ A. Consequently, by
Zorn’s lemma, A has a minimal element. Denote by A∗ such a minimal gated
subset of A.
(a.4) We now prove that both A and A∗ have depth k − 2. First, let
σ = (aibi)1≤i≤h be a sequence of edges of G[A] such that W
G[A]
b1a1
⊂ · · · ⊂W
G[A]
bhah
.
Then, by Lemma 8.8, WGb1a1 ⊂ · · · ⊂ W
G
bhah
. Therefore σ is a subsequence of
some element of S(G). It follows, by the construction of A, that h ≤ k− 2, and
thus the depth of A is at most k − 2.
On the other hand, because the depth of G is k, there exists a sequence
(aibi)1≤i≤k ∈ S(G). Then, because A meets each element of Cyl[G, aibi] for
1 ≤ i ≤ k, it follows that WG[A]biai is non-empty for every i with 2 ≤ i ≤ k − 1.
Therefore the depth of A is at least k − 2, and thus exactly k − 2 by the above
inequality.
By replacing A by A∗ in the above proof, we would obtain that the depth
of A∗ is also k − 2.
(b) Conversely assume that there exists a gated subset B of V (G) of depth
k − 2 which meets each element of Cyl+[G] and which is minimal with respect
to this property. Let l be the depth of G. By the first part of (a.4) and since
B meets every element of Cyl+[G], each sequence in S(G[B]) of length k− 2 is
a subsequence of an element of S(G) of length at most k. On the other hand,
each sequence in S(G) of length l gives a sequence in S(G[B]) of length at most
k − 2 ≤ l. Hence k − 2 ≤ l ≤ k.
Suppose that l < k. Let A be the gated set constructed in (a). Then B * A
since, by (a.4), any gated subset of A meeting each element of Cyl+[G] and
minimal with respect to this property has depth l − 2 < k − 2. Hence, by the
construction of A, there is a sequence (aibi)1≤i≤h ∈ S(G) such that B′ := B∩C,
where C := WGa2b2 ∪ coG(U
G
b2a2
), is a non-empty proper gated subset of B. Let
H ∈ Cyl+[G]. If V (H) ⊆ C, then B′ ∩ V (H) = B ∩ V (H) 6= ∅. Suppose that
V (H) * C. Clearly C ∩ V (H) 6= ∅ since A ⊆ C and A∩ V (H) 6= ∅. Let x ∈ B′,
and let y be the gate of x in H . Then, by Lemma 8.9,
y ∈ (B ∩ V (H)) ∩ (C ∩ V (H)) = B′ ∩ V (H).
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Hence B′ ∩ V (H) is non-empty. This yields a contradiction with the hypoth-
esis that B is minimal with respect to the property of meeting all element of
Cyl+[G]. Consequently l = k.
Because any convex set of a median graph is gated, this result gives the
main part of Proposition 8.6. For a compact Peano partial cube that is not
tricycle-free, the result may be different. Take for example the benzenoid graph
G in Figure 13. G has depth 4, and contains no proper gated set meeting all
6-cycles. On the other hand there is exactly one convex set of depth 2 meeting
all 6-cycles and which is minimal with respect to both these properties; this set
is depicted by the big points. Moreover there also exists exactly one minimal
convex set meeting all 6-cycles, it has depth 3 and is depicted by the encircled
big points in the figure.
Figure 13: A minimal convex set meeting all 6-cycles and a minimal convex set
of depth 2 meeting all 6-cycles.
We give a first consequence of Theorem 8.7.
Corollary 8.10. The depth of a compact hyper-median partial cube G is n ≤ 2
if and only if there exists a vertex which is common to all elements of Cyl+[G].
Proof. This is obvious if n = 0 since G has then exactly one vertex, and if
n = 1 since G is then either a finite hypercube or a hypertorus or a prism by
Proposition 8.5. For n = 2, the result is a consequence of Theorem 8.7.
The following theorem shows that the gated hull of a finite set of vertices of
some infinite partial cube, even if it is generally not finite, may have a finiteness
property.
Theorem 8.11. Let G be a compact hyper-median partial cube. Then the gated
hull of any finite set of vertices of G has finite depth.
Proof. Let S be a finite set of vertices of G. We are done if the depth of G
is finite. Assume that the depth of G is infinite. Then, because S is finite,
there exist infinitely many edges ab of G such that S ⊆WGab ∪ coG(U
G
ba) =: Aab.
Denote by E the set of all these edges, and let
A :=
⋂
ab∈E
Aab.
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For any ab ∈ E , Aab is gated by Lemma 5.6 since G is tricycle-free. Clearly
Aab ∩ Aa′b′ 6= ∅ for all ab, a′b′ ∈ E . Therefore, because G is compact, it follows
that A is a non-empty gated set since the gated sets of G have the strong Helly
property by Proposition 2.14.
Suppose that the depth of A is infinite. Then there exists a sequence
(aibi)0≤i≤k of edges of G[A] such thatW
G[A]
b0a0
⊂ · · · ⊂W
G[A]
bkak
and S∩WG[A]b0a0 = ∅.
Then S ⊆ WG[A]a1b1 ∪ coG(U
G[A]
b1a1
) =: B. By Lemma 8.8, WGb0a0 ⊂ · · · ⊂ W
G
bkak
,
and S ⊆ WGa1b1 ∪ coG(U
G
b1a1
). Therefore a1b1 ∈ E , contrary to the facts that
A ∩Aa1b1 = B and B is a proper subset of A. It follows that the depth of A is
finite. Let C be the gated hull of S. Then C ⊆ A since A is gated and contains
S. It follows, by a proof analogous to the part (a.4) of the proof of Theorem 8.7,
that the depth of C is at most that of A, and thus is finite.
Note that the above result does not hold for a Peano graph G that is not
tricycle-free and not compact, such as for example the infinite hexagonal grid
H . Indeed the gated hull of a finite set S of vertices of H is either the vertex
set of some 6-cycle C or V (H) according to whether S is or is not a subset of
some C.
We can now state the second consequence of Theorem 8.7 which generalizes
[11, Corollary 2.5] about finite median graphs.
Corollary 8.12. Let G be a compact hyper-median partial cube, and let u, v ∈
V (G). Then the depth of the subgraph of G induced by the gated hull of the set
{u, v} is equal to the minimal length of a chain of elements of Cyl+[G] joining
u and v.
The proof is the same as that of [11, Corollary 2.5] except for some obvious
modifications and the use of Theorems 8.7 and 8.11 and Proposition 8.5. If G is
a median graph, then the gated hull of the set {u, v} is equal to coG({u, v}), and
thus to the interval IG(u, v). In particular, if G is a tree, the depth of IG(u, v)
is then equal to dG(u, v).
Note that the above result is not true for the graph G in Figure 13. For
example the minimal convex set A meeting all 6-cycles, which is depicted by
the encircled points, induces a path P of length 3, which is then the depth of A.
On the other hand, the gated hull of the set {u, v} of endvertices of P is equal
to V (G), and thus has depth 4. Hence neither the depth of the convex hull nor
that of the gated hull of {u, v} are equal to 2, which is the minimal length of a
chain of 6-cycles joining u and v.
9 Euler-type properties
In this section we derive Euler-type formulas and formulas giving the isometric
dimension of the finite Peano partial cubes. These results generalize analogous
properties of median graphs and of some special netlike partial cubes.
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9.1 Euler characteristic of a finite Peano partial cube
For a partial cube G and a non-negative integer i, we denote by αi(G) the
number of i-cubes of G. We will generalize the following result:
Proposition 9.1. (Soltan and Chepoi [58], Škrekovski [57]) Let G be a finite
median graph. Then ∑
i∈N
(−1)iαi(G) = 1. (5)
Let G be a finite Peano partial cube. By Theorem 4.31, the convex regular
subgraphs of G are the convex quasi-hypertori of G. We extend the concept of
dimension of a hypercube to any quasi-hypertorus of G as follows. A 2n-cube
or a hypertorus which is the Cartesian product of n cycles is said to be 2n-
dimensional, and a (2n+ 1)-cube or a prism over a 2n-dimensional hypertorus
is said to be (2n+ 1)-dimensional.
For every non-negative integer n, we denote by βn(G) the number of convex
n-dimensional quasi-hypertori of G. In particular, βn(G) = αn(G) for n = 0, 1.
Moreover, if G is a median graph, then βn(G) = αn(G) for any n; and if G is a
netlike partial cube, then βn(G) = αn(G) for any n 6= 2.
Lemma 9.2. Let ab be an edge of a Peano partial cube G, X a bulge of
coG(Uab), and H = C✷AX := Cyl[X ]. Then any edge of Gab that is Θ-
equivalent to an edge of C is an edge of some C-fiber of H.
Proof. Let uv be an edge that is Θ-equivalent to an edge u′v′ of C. Denote by Pu
and Pv a (u, u′)-geodesic and a (v, v′)-geodesic, respectively, and let u′′ and v′′ be
the vertices of Pu∩AX and Pv∩AX , respectively, that are the closest from u. Let
Q be a (u′′, v′′)-geodesic. Then, because u′′ ∈ IG(u, v′) and v′′ ∈ IG(v, u′) since
the edges uv and u′v′ are Θ-equivalent, we have u ∈ IG(v, u′′) and v ∈ IG(u, v′′).
Therefore the paths Pu[u, u′′] and Pv[v, v′′] contains no edge Θ-equivalent to uv.
It follows that Q contains an edge cd that is Θ-equivalent to uv. This edge is
an edge of AX since this subgraph is convex. Therefore u′v′ and cd cannot be
Θ-equivalent since H = C✷AX . Consequently uv cannot be Θ-equivalent to an
edge u′v′ of C.
Lemma 9.3. Let G be a Peano partial cube, ab an edge of G, X a bulge of
coG(Uab), and H := Cyl[X ] = C✷H ′, where C ∈ C(G, ab). Then:
(i) Any edge of G[Wab] that is Θ-equivalent to an edge of a C-fiber of H is
also an edge of a C-fiber of H.
(ii) Let e be an edge of the intersection of X with some C-fiber of H. Then
the set Ae of all edges of X that are Θ-equivalent to e is an edge cut of the
subgraph Gab.
Proof. (i): Let uv be an edge that is Θ-equivalent to an edge u′v′ of C. De-
note by Pu and Pv a (u, u′)-geodesic and a (v, v′)-geodesic, respectively. These
geodesics passes through vertices of one of the component of X [Uab], say AX .
Let u′′ and v′′ be the vertices of Pu∩AX and Pv∩AX , respectively, that are the
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closest from u. Let Q be a (u′′, v′′)-geodesic. Then, because u′′ ∈ IG(u, v′)
and v′′ ∈ IG(v, u′) since the edges uv and u′v′ are Θ-equivalent, we have
u ∈ IG(v, u′′) and v ∈ IG(u, v′′). Therefore the paths Pu[u, u′′] and Pv[v, v′′]
contains no edge Θ-equivalent to uv. It follows that Q contains an edge cd that
is Θ-equivalent to uv. This edge is an edge of AX since this subgraph is convex.
Therefore u′v′ and cd cannot be Θ-equivalent since H = C✷AX . Consequently
uv cannot be Θ-equivalent to an edge u′v′ of C.
(ii): Let H ′0 and H
′
1 be two disjoint H
′-fibers of H whose vertex sets are
contained in Uab, i.e. H ′0 and H
′
1 are the two component of X [Uab]. Suppose
that Ae is not an edge cut of the subgraph G[Wab]. Then there exists a path P
of minimal length which joins a vertex x0 of H ′0 to a vertex x1 of H
′
1, such that
E(P )∩Ae = ∅. Let R be an (x0, x1)-geodesic in H . By the definition of H , Ae
is an edge cut of H , and thus R contains an edge e′ ∈ Ae. By the minimality
of the length of P , P ∪R is a cycle of G, and thus it contains an edge e′′ 6= e′
which is Θ-equivalent to e′, and thus to e. Because R is a geodesic in H and
since the length of P is minimal, it follows that e′′ ∈ E(P −H). On the other
hand, e′′ is an edge of H by (i), and thus e′′ ∈ Ae, contrary to the hypothesis
on P .
Theorem 9.4. Let G be a finite Peano partial cube. Then
∑
i∈N
(−1)iβi(G) = 1. (6)
G
G2 G3
b
a
Figure 14: Proof of Theorem 9.4.
Proof. The proof is by induction on the number of vertices of G. This is trivial
if G has only one vertex. Let r ≥ 1. Suppose that this is true for any Peano
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partial cube partial cube having at most r vertices. Let G be a Peano partial
cube partial cube having n = r + 1 vertices.
Because G is finite and ph-homogeneous, there is an edge ab of G such that
Wab is a semi-periphery. As a convex subgraph of G, G1 := G[Wba] is ph-
homogeneous. Moreover it has at most r vertices. Hence, by the induction
hypothesis, we have ∑
i∈N
(−1)iβi(G1) = 1. (7)
The graph G2 := G[Wab] is also a convex subgraph of G. Therefore G2
is a Peano partial cube with at most r vertices. It follows by the induction
hypothesis that ∑
i∈N
(−1)iβi(G2) = 1. (8)
Now let G3 be the graph obtained from G2 as follows (Figure 14): for each
convex path W of G2 of length greater than 1 whose only vertices in Uab are
its endvertices, we replace W by an edge joining its endvertices. Note that
W = C −Wba for some convex C ∈ C(G, ab).
Claim. G3 is a Peano partial cube.
For each subgraph H ∈ Cyl[G, ab], let ϕ(H) := G3[V (H) ∩ V (G3)], that is,
the graph obtained from H −Wba by replacing each convex path of this graph
of length greater than 1 whose only vertices in Uab are its endvertices by an
edge joining its endvertices. Then denote by ϕH(G2) the graph obtained from
G2 by replacing H −Wba by ϕ(H).
Put AH := E(ϕ(H)) − E(H). Then all elements of AH are pairwise Θ-
equivalent. Moreover, we clearly infer from the application of Lemma 9.3 to H ,
that AH is an edge cut of ϕH(G2). It follows that any edge of ϕH(G2) that is
Θ-equivalent to an edge in AH also belongs to AH (also see Lemma 9.3). Hence
AH is a Θ-class in E(ϕH(G2)).
The set Cyl[G, ab] is finite since so is G. Put
Cyl[G, ab] = {Hi : 1 ≤ i ≤ n},
and let G′0 := G2 and G
′
i+1 := ϕHi+1 (G
′
i) for every i < n. Then G3 = G
′
n. We
prove by induction on i that G′i is a Peano partial cube. This clear if i = 0.
Suppose that G′i is a Peano partial cube for some i < n.
We have Hi+1 = Ci+1✷H ′i+1, where Ci+1 ∈ C(G, ab) and H
′
i+1 is some
Peano partial cube. Then Pi+1 := Ci+1 −Wba is a geodesic of G′i of length
p ≥ 2, and B := Hi+1−Wba = Pi+1✷H ′i+1. Moreover ϕ(B) := ϕ(Hi+1)−Wba =
K2✷H
′
i+1.
Because Wab is a semi-periphery of G, it follows that NG(x) ⊆ V (X) for
any bulge X of Wab, and in particular for X = B, and every x ∈ V (X)− Uab.
Moreover, by (HNB2), V (B) − Uab is a separator of V (G′i). Hence we clearly
have the following properties:
(a) IG′
i+1
(x, y) = IG′
i
(x, y) ∩ V (G′i+1) for all x, y ∈ V (G
′
i+1).
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(b) If X is a convex subset of V (G′i), then X ∩ V (G
′
i+1) is convex in G
′
i+1.
(c) For all x, y ∈ V (G′i+1), dG′i+1(x, y) = dG′i(x, y) or dG′i(x, y)−p+1 accord-
ing to whether x and y belong or do not belong to the same component
of V (G′i)− (V (B)− Uab).
By (c), any two edges in E(G′i) ∩ E(G
′
i+1) that are Θ-equivalent in G
′
i are
Θ-equivalent in G′i+1 as well. Therefore, because AHi+1 is a Θ-class, it follows
that the relation Θ is transitive, and thus G′i+1 is a partial cube by Theorem 2.4.
We will show that the pre-hull number of any finite convex subgraph of G′i+1
is at most 1. Let F be a convex subgraph of G′i+1. Then ϕ(BF ) := F ∩ϕ(B) =
K2✷H
′′
i+1, where H
′′
i+1 is a convex subgraph of H
′
i+1. It follows that
F ′ := (F − ϕ(BF )) ∪BF ,
where BF := Pi+1✷H ′′i+1, is a convex subgraph of G
′
i such that V (F ) = V (F
′)∩
V (G′i+1). By the induction hypothesis, G
′
i is ph-homogeneous. Let uv be an
edge of F . We will show that UFuv is ph-stable.
Assume that uv is also an edge of F ′. Then, by (c), we infer that:
• WFuv =W
F ′
uv ∩ V (F ) and W
F
vu =W
F ′
vu ∩ V (F )
• UFuv = U
F ′
uv ∩ V (F ).
It follows, by the definition of F ′, that:
coF (UFuv) = coF (U
F−ϕ(BF )
uv ) ∪ coF (U
ϕ(BF )
uv )
= coF ′(UF
′−BF
uv ) ∪ (coF ′(U
BF
uv ) ∩ V (F ))
= coF ′(UF
′
uv ) ∩ V (F ).
Note that, if uv is not Θ-equivalent to an edge of some H ′′i+1-fiber of BF , then
UFuv = U
F ′
uv and coF (U
F
uv) = coF ′(U
F ′
uv ).
Then, from the hypothesis that UF
′
uv is ph-stable, we infer that U
F
uv is also
ph-stable.
Now assume that uv is not an edge of F ′. Then uv ∈ AHi+1 . Let P be
the (u, v)-geodesic of BF whose only vertices in Uab are its endvertices u and
v. P is then some Pi+1-fiber of BF . Let w be the neighbor of u in P . Then,
because, by Lemma 9.3(i), any edge of G′i that is Θ-equivalent to uw is an edge
of Hi+1 −Wba, it follows that
UFuv = U
F ′
uw.
Moreover, by the properties of the hypercylinder Hi+1, IF ′(UF
′
uw) is a periphery
of G′i. Therefore
IF (UFuv) = IF ′(U
F ′
uw) = U
F ′
uw = U
F
uv.
Hence IF (UFuv) is a periphery of G
′
i+1, and thus U
F
uv is ph-stable.
Consequently ph(F ) ≤ 1, and thus G′i+1 is a Peano partial cube. Finally
G3, which is equal to G′n, is then a Peano partial cube, which proves the claim.
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Because G3 has at most r vertices, we have by the induction hypothesis
∑
i∈N
(−1)iβi(G3) = 1. (9)
Let H be a convex quasi-hypertorus of G2[Uab] which is not contained in
a bulge of Wab. Because IG(Uba) is a semi-periphery of G[IG(Uba) ∪ Wab],
it follows that the projection H ′ of H onto G1[Uba] is also convex and is not
contained in a bulge of coG(Uba). Therefore G[V (H ∪H ′)] = H✷K2, and thus
G[V (H ∪H ′)] is a (d + 1)-dimensional convex quasi-hypertorus of G if H is a
d-dimensional convex quasi-hypertorus of G2[Uab].
Consequently we infer, by the construction of G3, that there is a bijection
between the i-dimensional quasi-hypertori of G3 and the (i + 1)-dimensional
elements of Tor(G, ab). It follows that
βi(G) = βi(G1) + βi(G2) + βi−1(G3)
for every non-negative integer i > 1. Consequently, by (7), (8) and (9), we have
∑
i∈N
(−1)iβi(G) = β0(G1) + β0(G2) +
∑
i≥1
(−1)i(βi(G1) + βi(G2) + βi−1(G3))
=
∑
i∈N
(−1)iβi(G1) +
∑
i∈N
(−1)iβi(G2)−
∑
i∈N
(−1)iβi(G3)
= 1.
9.2 Isometric dimension of a finite Peano partial cube
Škrekovski [57] also obtained the following result which gives the the number of
Θ-classes of a finite median graph, in other words, the isometric dimension of a
finite median graph.
Proposition 9.5. (Škrekovski [57]) The isometric dimension of a finite median
graph G is
idim(G) = −
∑
i∈N
(−1)iiαi(G). (10)
We will show that finite Peano partial cubes satisfy an analogous property
which generalizes (10). We need some definition and notation.
We define the circumference number γ(H) of a finite quasi-hypertorus H as
follows. If H = K2, then γ(H) := 0. If H is a cycle of length 2n for some n ≥ 2,
then γ(H) := n− 2. If H = 0≤i≤kHi, then γ(H) :=
∑
0≤i≤k γ(Hi).
Let G be a finite Peano partial cube. For all integers i ≥ 2 and j ∈ N,
we denote by βji (G) the number of i-dimensional convex quasi-hypertori of G
whose circumference number is j. Moreover we put:
• βji (G) := 0 if i < 0 or j < 0;
• for i = 0, 1, β0i (G) := αi(G), and β
j
i (G) := 0 if j 6= 0.
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Theorem 9.6. The isometric dimension of a finite Peano partial cube G is
idim(G) = −
∑
i∈N
(−1)i(
∑
j∈N
(i+ j)βji (G)). (11)
We need two lemmas in which we will use the following notation. Let G be a
finite Peano partial cube, and ab an edge of G such thatWab is a semi-periphery.
Then:
• κ(G) is the greatest k such that G contains a k-dimensional quasi-hyper-
torus.
• βji (G, ab) is the number of i-dimensional convex elements of Tor(G, ab)
whose circumference number is j. In particular β01(G, ab) is the number of edges
of G that are θ-equivalent to ab.
• A(G, ab) := −
∑
i∈N(−1)
i(
∑
j∈N(i+ j)β
j
i (G, ab)).
• B(G[Wab]) :=
∑
i∈N(−1)
i(
∑
j∈N(i+ j + 1)β
j
i (G[Wab])).
Lemma 9.7. Let G = C✷H, where C is a 2p-cycle with p ≥ 3 and H is a
finite Peano partial cube such that κ(H) = k for some non-negative integer k,
and let ab be an edge of a C-fiber of G. Then
A(G, ab) = B(G[Wab]) =
k∑
i=0
(−1)i(
∑
j∈N
(i+ j − p+ 2)βji (H)). (12)
Proof. First note that j = 2 or p. Let H1 and H2 be the two disjoint H-fibers of
G whose vertex sets are contained in Uab. Because an i-dimensional element of
Tor(G, ab) whose circumference number is j is either the Cartesian product of
an (i−1)-dimensional quasi-hypertorus of H1∪H2 whose circumference number
is j with K2 such that the edge of each of its K2-fibers is Θ-equivalent to ab, or
the Cartesian product of an (i − 2)-dimensional quasi-hypertorus of H1 whose
circumference number is j−p+2 by C, and because of the convention we made
on the βji ’s, we clearly have:
βji (G, ab) = β
j
i−1(H1 ∪H2) + β
j
i−2(H1)
= 2βji−1(H) + β
j
i−2(H).
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Therefore (note that βjk+1(H) = 0 since κ(H) = k)
A(G, ab) = −
∑
i∈N
(−1)i(
∑
j∈N
(i+ j)βji (G, ab))
= −
k+2∑
i=0
(−1)i(
∑
j∈N
(i+ j)(2βji−1(H) + β
j
i−2(H)))
= −
k+1∑
i=0
(−1)i(
∑
j∈N
(2(i+ j)− (i+ 1 + j + p− 2))βji−1(H))
= −
k+1∑
i=0
(−1)i(
∑
j∈N
(i+ j − p+ 1)βji−1(H))
=
k∑
i=0
(−1)i(
∑
j∈N
(i+ j − p+ 2)βji (H).
On the other hand, because an i-dimensional element of Tor(G[Wab]) whose
circumference number is j is either an i-dimensional quasi-hypertorus of some
H-fiber of G−Wba whose circumference number is j, or the Cartesian product
of an (i− 1)-dimensional quasi-hypertorus of H whose circumference number is
j with K2 such that the edge of each of its K2-fibers is an edge of C−Wba, and
because of the convention we made on the βji ’s, we clearly have:
βji (G[Wab]) = pβ
j
i (H) + (p− 1)β
j
i−1(H).
Then
B(G[Wab]) =
∑
i∈N
(−1)i(
∑
j∈N
(i+ j + 1)βji (G[Wab]))
=
k+1∑
i=0
(−1)i(
∑
j∈N
(i+ j + 1)(pβji (H) + (p− 1)β
j
i−1(H)))
=
k+1∑
i=0
(−1)i(
∑
j∈N
(i+ j + 1)p− (i+ j + 2)(p− 1))βji (H)))
=
k+1∑
i=0
(−1)i(
∑
j∈N
(i+ j − p+ 2)βji (H))).
This proves the lemma.
Lemma 9.8. Let G be a finite Peano partial cube, and ab an edge of G such
that Wab is a semi-periphery. Then
A(G, ab) = B(G[Wab]). (13)
Proof. The proof will be by induction on the order of G. Note that the order
of G is necessarily even. The result is obvious if the order of G is 2. Suppose
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that it holds if the order of G is at most 2n for some positive integer n. Assume
that the order of G is 2(n + 1). Without loss of generality we can suppose
that the edge ab is such that Wab and Wba are semi-peripheries. The proof is
straightforward if Wab (and thus Wba) is a periphery. Suppose that Wab is not
a periphery. Let X be a bulge of Wab, and H := Cyl[X ]. Then H = C✷H ′
where C is a cycle of length greater than 4 and H ′ a finite Peano partial cube
such that κ(H) = k for some non-negative integer k. We are done if G = H by
Lemma 9.7. Assume that G 6= H .
In order to avoid the introduction of unnecessary edges, if G′ is a subgraph
of G that has an edge uv Θ-equivalent to ab, but not necessarily the edge ab
itself, we will still denote the set WG
′
uv by W
G′
ab .
By (HNB2), V (X)−Uab is a separator of G[Wab], and thus V (H)−(Uab∪Uba)
is a separator of G. Let F be the connected component of H ∩ G[Uab ∪ Uba]
such that there exists a vertex of G − H which is adjacent to some vertex of
F . Then κ(F ) = k + 1. Denote by G0 the component of G − (H − Uab ∪ Uba)
containing F , and let G1 := G− (G0 − F ).
For i = 0, 1, Gi is a convex subgraph of G, and thus is ph-homogeneous,
and also clearly. Moreover WGiab and W
Gi
ba are semi-peripheries of Gi. Because
the orders of G0, G1 and F are less than 2(n + 1), we have by the induction
hypothesis:
• A(Gi, ab) = B(Gi[W
Gi
ab ]) for i = 0, 1
• A(F, ab) = B(F [WFab]).
Then A(G, ab) = B(G[Wab]) is a straightforward consequence of these equal-
ities and of the obvious following facts:
• βji (G, ab) = β
j
i (G0, ab) + β
j
i (G1, ab)− β
j
i (F, ab);
• βji (G[Wab]) = β
j
i (G0[W
G0
ab ]) + β
j
i (G1[W
G1
ab ])− β
j
i (F [W
F
ab]).
Proof of Theorem 9.6. The proof is by induction on the number of vertices
of G. This is trivial if G has only one vertex. Let r ≥ 1. Suppose that this is
true for any Peano partial cube partial cube having at most r vertices. Let G be
a Peano partial cube partial cube having n = r+1 vertices. Because G is finite
ph-homogeneous, there is an edge ab of G such that Wab is a semi-periphery.
As a convex subgraph of G, G1 := G[Wba] is also ph-homogeneous. Moreover
it has at most r vertices. Hence, by the induction hypothesis, we have
idim(G1) = −
∑
i∈N
(−1)i(
∑
j∈N
(i+ j)βji (G1)). (14)
The graph G2 := G[Wab] is also a convex subgraph of G. Therefore G2 is a
Peano partial cube. Hence, by (6)
∑
i∈N
(−1)iβi(G2) = 1. (15)
On the other hand the Θ-classes of G are the Θ-classes of the edges of G1
with the Θ-class of ab, because any edge of G2 is Θ-equivalent to an edge of G1.
Hence
idim(G) = idim(G1) + 1. (16)
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Because Wab is a semi-periphery we have:
βji (G) = β
j
i (G1) + β
j
i (G[Wab]) + β
j
i (G, ab).
Let
∆(G′) := −
∑
i∈N
(−1)i(
∑
j∈N
(i+ j)βji (G
′))
where G′ is either G or G1 or G[Wab] or (G, ab).
We then infer from the above equalities and from the fact that βi(G[Wab]) =∑
j∈N β
j
i (G[Wab]), that
∆(G) = ∆(G1) + ∆(G[Wab]) + ∆(G, ab)
= idim(G1)−
∑
i∈N
(−1)i(
∑
j∈N
(i+ j)βji (G[Wab])) +A(G, ab) by (13)
= idim(G1)−
∑
i∈N
(−1)i(
∑
j∈N
(i+ j)βji (G[Wab])) + B(G[Wab]) by (14)
= idim(G1)−
∑
i∈N
(−1)i(
∑
j∈N
(i+ j)βji (G[Wab]))
+
∑
i∈N
(−1)i(
∑
j∈N
(i+ j + 1)βji (G[Wab]))
= idim(G1)−
∑
i∈N
(−1)i(
∑
j∈N
βji (G[Wab]))
= idim(G1) +
∑
i∈N
(−1)iβi(G[Wab])
= idim(G1) + 1 = idim(G) by (15) and (16).
9.3 Cube-free netlike partial cubes
By Proposition 4.43, a cube-free netlike partial cube is a Peano partial cube that
contains no convex n-dimensional quasi-hypertorus for any n ≥ 3.
Cube-free median graphs, benzenoid graphs and bipartite cellular graphs are
particular instances of cube-free netlike partial cubes. Note that the cube-free
netlike partial cubes were called linear partial cubes in [43].
In this subsection we will characterize the Peano partial cubes which are
cube-free netlike partial cubes, first by using the properties of the cycle space of
a graph, that is, of the linear space overGF(2) with all finite eulerian subgraphs
of this graph as elements and the symmetric difference as addition, and then by
using a result of Klavžar and Shpectorov [32]. Let G be a partial cube. The sum∑
j∈N jβ
j
2(G) is called the convex-excess of G, and is denoted by e(G) in [32].
Let φ be a Θ-class of edges of G. Then the φ-zone graph is the graph Zφ whose
vertex set is φ, and such that f, f ′ ∈ φ are adjacent if they belong to a convex
cycle of G.
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Proposition 9.9. (Klavžar and Shpectorov [32, Theorem 1.1]) If G is a partial
cube, then
2β0(G)− β1(G) − idim(G)− e(G) ≤ 2. (17)
Moreover the equality holds if and only if all zone graphs of G are trees.
Furthermore Klavžar and Shpectorov noted that any zone graph of a partial
cube is connected. It follows that a zone graph is a tree if and only if it contains
no cycle.
Clearly a Peano partial G is a cube-free netlike partial cube if and only if
each finite convex subgraph of G is a cube-free netlike partial cube. Hence to
characterize cube-free netlike partial cubes, it is sufficient to consider only the
case of finite partial cubes.
Theorem 9.10. Let G be finite Peano partial cube. The following assertions
are equivalent:
(i) G is cube-free netlike partial cube.
(ii) G contains no convex prism over an even cycle.
(iii) G satisfies the equalities
β0(G) − β1(G) + β2(G) = 1 (18)
idim(G) = β1(G)− 2β2(G)−
∑
j∈N
jβj2(G). (19)
(iv) G satisfies the equality
2β0(G)− β1(G) − idim(G)− e(G) = 2. (20)
(v) All zone graphs of G are trees.
(vi) The set of all convex cycles of any convex subgraph F of G is a basis
of the cycle space of F .
Proof. (i)⇒ (ii) is obvious because G contains no convex quasi-hypertorus that
is n-dimensional for any n ≥ 3.
(ii) ⇒ (i) is clear since any convex n-dimensional quasi-hypertorus with
n ≥ 3 contains a convex prism over a cycle.
(i) ⇒ (iii) is the particular case of Theorem 9.4 where βi(G) = β
j
i (G) = 0
for all i ≥ 3.
(iii)⇒ (iv): Suppose that G satisfies (iii). Then, by (18), β2(G) = −β0(G)+
β1(G) + 1. Hence, by (19),
idim(G) = 2β0(G)− β1(G)−
∑
j∈N
jβj2(G)− 2. (21)
Therefore G satisfies (iv).
(iv) ⇒ (v) is a consequence of Proposition 9.9.
(v) ⇒ (ii): Suppose that G contains a convex prism P = C✷K2 over an
even cycle C. Let uv be an edge of some K2-fiber of P . Then, because any
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4-cycle of G is convex, the Θ-class in P of the edge uv induces a cycle in the
zone graph Zφ, where φ is the Θ-class in G of uv. Therefore G does not satisfy
(v).
(i) ⇒ (vi): Suppose that G is a cube-free netlike partial cube, and let F be
a convex subgraph of G. Then F is also a cube-free netlike partial cube, and
thus, by the implication (i)⇒ (iii), F satisfies the equality (18). The dimension
of the cycle space (the cyclomatique number) of F is β1(F )−β0(F )+1. Hence,
by (18), this number is β2(G). On the other hand, by [25, Theorem 6.15], the
cycle space of F has a basis of convex cycles. Therefore the set of all convex
cycles of F is a basis of the cycle space of F .
(vi) ⇒ (ii): Suppose that G contains a convex prism P over an even cycle
C2n. Then the cyclomatique number of P is β1(P )−β0(P )+1 = 2n+1, whereas
the number of convex cycles of P is β2(P ) = 2n+2. This proves that the convex
cycles of P are not linearly independent, and thus they cannot constitute a basis
of the cycle space of P .
10 Final remark
Recently we found out the existence of the paper of Chepoi, Knauer and Marc
[19] entitled Partial cubes without Q−3 minors. Both our papers were indepen-
dantly and almost simultaneously written, and it turns out that the graphs
studied in [19], also called hypercellular partial cubes, coincide with our hyper-
median partial cubes. It follows that some of our results or parts thereof are
also proved in [19]. Several other properties of these graphs are given in [19].
Also, by analogy with the fact that median graphs are the retracts of hyper-
cubes and that hypercellular partial cubes generalize bipartite cellular graphs,
the following conjecture is stated:
Conjecture 10.1. (Chepoi, Knauer and Marc [19, Conjecture 2]) A partial
cube G is hyper-median if and only if G is a retract of a Cartesian product of
bipartite cellular graphs.
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